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ON RECURRENCE RELATIONS FOR RADIAL WAVE FUNCTIONS FOR THE�
-TH DIMENSIONAL OSCILLATORS AND HYDROGENLIKE ATOMS:

ANALYTICAL AND NUMERICAL STUDY �
R. ÁLVAREZ-NODARSE � , J. L. CARDOSO � , AND N. R. QUINTERO �

Abstract. Using a general procedure for finding recurrence relations for hypergeometric functions and polyno-
mials introduced by Cardoso et al. [J. Phys. A, 36 (2003), pp. 2055-2068] we obtain some new recurrence relations
for the radial wave functions of the � -th dimensional isotropic harmonic oscillators as well as the hydrogenlike
atoms. A numerical analysis of such recurrences is also presented.
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1. Introduction. There are many applications in modern physics that require the knowl-
edge of the wave functions of hydrogenlike atoms and isotropic harmonic oscillators (see e.g.
[13, 16] and references therein). Of particular interest is the numerical implementation of
such functions. The most natural, efficient and fast way for generating such functions is to
use recurrence relations. In fact, although the explicit expressions are known, their numerical
implementations are usually very unstable.

In this paper we will continue the research started in [8] for obtaining recurrence rela-
tions and ladder-type operators for the

�
-th dimensional isotropic harmonic oscillators and

the hydrogenlike atoms. In fact, using the technique of [8] we will obtain some new recur-
rences on one hand, and on the other we will present a comparative numerical analysis of the
obtained recurrence relations for generating numerically the corresponding eigenfunctions.
The numerical analysis of the linear recurrences, i.e., the rounding errors bounds, stability
of the scheme, etc. is, in general, very complicate (see the nice paper [5] and references
therein). So we will restrict ourselves to the discussion of the numerical examples. Even in
this framework of no rigorous numerical analysis it is possible to conclude what kind of rela-
tions are more useful for numerical computations and what are not. This is the main original
contribution of the present paper. Finally, let us mention that the present method for finding
recurrence relations can be extended to any quantum system whose (radial) wave function are
proportional to hypergeometric-type functions (see e.g. [4]).

The structure of the paper is as follows: In sections 2 and 3 the isotropic oscillator and
hydrogenlike atoms radial wave functions are introduced. In both cases we include some new
recurrence relations as well as the detailed discussion of their computational applications.
Finally, an appendix with the required formulas of the Laguerre polynomials is included.

2. The isotropic harmonic oscillator. The
�

-dimensional isotropic harmonic oscilla-
tor (I.H.O.) is described by the Schrödinger equation���
	������������������������ 	 � �!"$#&%(' �'�) �" �*�+� ,--. �!"$#&% ) � "0/1
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Its solutions are of the form ����243 �65798;: �=<?> 8A@ :CB � < , where 2�3 �65798D: �=< is the radial part, usually
called the radial wave functions, defined by (see e.g. [3, 6])

(2.1) 2�3 �05798;: �=<E�;F�3 �05798 � 8HGJI6KL9MON LQP 8AR
S L I %7 : �T�9��<Q�UF�3 �657=8 �WV �9XZY � 8[R S L\^] X �(_T� � �E` �
being
X �baT�  � � � /c/c/ and

_ �bad�  � � � /c/�/ , the quantum numbers, and
�fehg

the dimension of
the space. The angular part > 8A@ :iB � < are the so-called

�
th-spherical or hyperspherical har-

monics [3, 14]. In the following, we will assume that the parameters
X

,
_
,
�

are nonnegative
integers.

2.1. Recurrence relations for the I.H.O. radial functions. For the functions (2.1) the
following theorem hold [8]

THEOREM 2.1. Let 2 3 �65798;: �=< , 2 3 �657=R�7 Kkj 8AR�8 K : �=< and 2 3 �657=R�7 L j 8AR�8 L : �=< be three different radial
functions of the

�
-th dimensional isotropic harmonic oscillator, where

X % � X � and
_ % � _ � are

integers such that l4mon : X � X % � X � X � � _T�;_ % � _T�(_ � < e a /
Then, there exist three all non vanishing polynomials in � , prq , p % , and p � , such that

(2.2) p qs: �=<t2�3 �657 j 8
: �9< � p % : �=<t2�3 �657=R�7 K j 8AR�8 K : �=< � p � : �=<t2�3 �657=R�7 L j 8[R�8 L : �=<E�ba /
The proof of this theorem can be found in [8]. A key point on the proof was the recurrence

relation,

(2.3) uvq :Cw < P 8[R S L I %7 :iw < � u % :iw < P 3 8AR�8 K 5 R S L I %7=R�7 K :Cw < � u � :iw < P 3 8AR�8 L 5 R S L I %7=R�7 L :iw <x�yad�
where w ���T� � , and u0z :iw < , { �|aT�  � � , are not all three vanishing polynomials. Moreover, in
[8] it was shown that p q}: �=<E��~�F�3 �657 j 8�� I % u q}: �T����<�� 8 K R�8 L �p % : �=<E��~�F�3 �657=R�7 Kkj 8[R�8 K � I % u % : �d�9��<�� 8 L �p � : �=<E� ~ F 3 �657=R�7 L j 8[R�8 L � I % u � : �d� � <�� 8 K /(2.4)

From the above theorem and the relation (2.3) it is very simple to obtain à la carte
relations between three different radial functions of the I.H.O. Let us point out that, in general,
it is not easy to obtain the coefficients u6z in (2.3), nevertheless, combining in a certain way
the known relations of the Laguerre polynomials (see the appendix A) they can be found.
This has been shown in [7, 8]. We will show here how this works in one of the new examples,
for the others the computations are similar. Here we present some examples. The first four
can be found in [8] and the other five seem to be new.� X % � �  , X � �  , _ % � _ � �ya [8, page 2059]V X � X �4_�� � � �  ��2�3 �657�I % j 8�: �=< �y� �T�9� �;� �9X �4_�� � ������2�3 �057 j 8�: �9<� V : X �  < � X �4_�� � ��� 2 3 �657=R % j 8t: �=<0��a /(2.5)
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ON RECURRENCE RELATIONS FOR REDIAL WAVE FUNCTIONS 9� X % � X � �ba , _ % � �  , _ � �  [8, page 2059]� V � � X �(_T� � � �  �
2 3 �657 j 8�I % : �=< ���d_T� � � �  � �T� � ��2 3 �657 j 8�: �=<� � V � � X �(_T� � ����2�3 �057 j 8[R % : �9<0��a /(2.6)

� X % �ya , X � �  , _ % � �  , _ � �ba [8, page 2059]� V � � X �(_T� � � �  � 2 3 �657 j 8�I % : �9< � ] X �  � �d� � ` 2 3 �657 j 8�: �=<� V : X �  < � X �(_d� � � � 2�3 �657�R % j 8�: �=<E�ya /(2.7)

� X % � �  , X � �ba , _ % �ya , _ � �  [8, page 2059]� V X � X �;_T� � � �  �
2�3 �657�I % j 8t: �=< � ] X � �d�9� ` 2�3 �657 j 8�: �=<� � V � � X �;_d� � ���
2�3 �657 j 8AR % : �=<E�ya /(2.8)

� X % � �  , X � �  , _ % �  , _ � � �  , i.e., we are looking for a relation of type (2.2)p qs: �=<t2�3 �657 j 8
: �=< � p % : �=<t2�3 �657=R�7 K$j 8AR�8 K : �=< � p � 2�3 �657=R�7 L j 8AR�8 L : �=<v�ba /
For finding the polynomials p�z , { �yad�  � � we use (2.4) where u0z , { ��aT�  � � are the polyno-
mials in (2.3). Putting � � _T� � � �  we haveu qs:iw < P0�7 :Cw < � u % :Cw < P � R %7�I % :iw < � u � :iw < P � I %7=R % :Cw <E��a /
Now we substitute the functions

P � R %7}I % :iw < and
P � I %7�R % :iw < using the relations (A.2)P � R %7}I % :Cw <x� X � �w Pv�7�I % :Cw < � X w P0�7 :Cw <

and (A.4) P � I %7=R % :iw <E� P �7=R % :iw < � P �7 :Cw <$�
respectively. This leads tou % :iw < X � �w P �7}I % :iw < �y� uvq :iw < � X w u % :iw < � u � :Cw <�� P �7 :Cw < � u � :iw < P �7=R % :Cw <E��a /
Comparing the last formula with the three-term recurrence relation TTRR (A.5) for the La-
guerre polynomials we findu q}:iw <x� w � � � u % :Cw <E� w � u � :Cw <x� X �  �
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and therefore for the wave functions we find� X �d�92�3 �657}I % j 8AR % : �=< ���d_T� � � �  � �d�9���^2�3 �657 j 8 : �=<� ��� : X �  <?��2�3 �657�R % j 8�I % : �=<E�ba /(2.9)

Analogously, we can find the following three recurrence relations� X % � �  , X � �  , _ % � �  , _ � � 
(2.10) p
q : �=<t2 3 �657 j 8
: �9< � p % : �9<?2 3 �657�I % j 8�I % : �=< � p � : �=<?2 3 �057=R % j 8AR % : �=<E�baT�
where, p qs: �=<v� ��� : �d�9� � : X �  <�< : �T�9� � X < � �=X �(_T� � � � �d�9��� �: �=X �  < � X �(_T� � � � : �T��� � X < � X � _T� � � �  � �d�9� ��� �p % : �=<E��� : �d�9� � : X �  <�< V � X � X �(_T� � � � � � � X �;_T� � � �  �+�p � : �=<E��� : �d�9� � X < V � : X �  < � X �(_T� � ��� � X �(_T� � � �  � /� X % �ya , X � � � , _ % �  , _ � ��a� X �4_�� � � � X �4_�� � � �  � �T���c�^2�3 �657 j 86: �=<� � ��� � �9X �4_�� � � � � � �d�9� � 2�3 �657 j 8AR % : �=<� V : X �  < : X � � < � X �4_�� � � �  �
2�3 �657�R � j 8t: �=<v��a /(2.11)

� X % �ya , X � � � � , _ % �  , _ � � � � � � �9X �4_�� � � �  � �T�9�$��2�3 �657 j 8 : �9<� V � X �4_�� � ��� � X �4_�� � � �  � �T�9�o�^2�3 �057 j 8[R % : �9<� V X : X �  < � X �4_�� � � �  � 2 3 �057}I � j 8[R % : �9<v�ba /
(2.12)
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ON RECURRENCE RELATIONS FOR REDIAL WAVE FUNCTIONS 11� X % � �  , X � �  , _ % �ya , _ � � V X � X �4_�� � � �  � ] �T� � � X �  ` 2 3 �657}I % j 8t: �=<� � X : X �  < �;� g X �4_�� � � �  � �d�9�$���T�9���02�3 �657 j 8T: �=<� � V � : X �  < � X �4_�� � ��� � X �4_�� � � �  � 2�3 �057=R % j 8AR % : �=<E�ya /
2.2. Ladder-type relations for the I.H.O. radial functions. Another important rela-

tions for the functions (2.1) are the so-called ladder operators. The following result was
proved in [8].

THEOREM 2.2. Let 2 3 �657 j 8�: �=< and 2 3 �657=R�7 K j 8AR�8 K : �=< be two radial functions of the
�

-th
dimensional isotropic harmonic oscillator and let

l¡m[n : X � X % � _d�h_ % < e a and : X % < � �: _ % < �¡¢�ba , where
X % and

_ % are integers. Then, there exist three not all vanishing polynomials
in � , p�q , p % , and p � , such that

(2.13) p
q 2 3 �657 j 8�: �=< � p %�££ � 2 3 �657 j 8�: �=< � p � 2 3 �657=R�7 K j 8AR�8 K : �=<E�ya /
The proof of this theorem can be found in [8]. A key point on the proof was the recurrence

relation,

(2.14) ¤�q :Cw < P 8AR�S L I %7 :Cw < � ¤ % :Cw < P 8AR�S L7}I % :Cw < � ¤ � :Cw < P 3 8AR�8 K 5 R�S L I %7�R�7 K :iw <x�yad�
where ¤�q , ¤ % , and ¤ � are not all three vanishing polynomials. Moreover, (2.13) can be
rewritten as � ¤ % :iw < ££ � � �d� : ¤ % :Cw < � � ¤
q :iw <?< � ¤ % :Cw < _� � 2 3 �05798;: �=<� � � ¤ � :Cw < F�3 �657 j 8F 3 �657=R�7 K j 8AR�8 K � % I�8 K 2�3 �657=R�7 Kkj 8AR�8 K : �=< /(2.15)

To obtain the unknown polynomials ¤�q , ¤ % , and ¤ � in (2.14) we can proceed as in the
previous section, i.e., use the Eqs. (A.1)–(A.5) to transform (2.14) into one of the formulas
(A.1)–(A.5) or in a sum of linearly independent Laguerre polynomials and solve the resulting
equations for the unknown coefficients. Let us consider some examples. The first two are
taken from [8] and the other two are new.� X % �ya , _ % �  [8, page 2061]

(2.16)
� ££ � � �T� � _� ��2�3 �057 j 8�: �9<0� � � V � � X �(_T� � ���
2�3 �657 j 8AR % : �=< /� X % �  , _ % �ya [8, page 2061]

(2.17)
� � � ££ � � �T� � � : �9X �4_�� � < � 2 3 �657 j 8�: �=<E� � V : X �  < � X �4_�� � ��� 2 3 �657�R % j 8t: �=< /
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12 R. ÁLVAREZ-NODARSE, J. L. CARDOSO, AND N. R. QUINTERO� X % � � , _ % �ba . Introducing these values into (2.14) and putting � � X � � � �  we get

(2.18) ¤ qJ:iw < Pv�7 :Cw < � ¤ % :Cw < P � R %7�I % :iw < � ¤ � :iw < P0�7=R � :iw <E��a /
Now, using relations (A.2) and the TTRR (A.5), (2.18) becomes into¤ % :Cw < X � �w Pv�7�I % :Cw < � � ¤�q :iw < � X w ¤ % :iw < � X �  � �X � � ¤ � :iw < � P0� R %7 :iw <� ¤ � :Cw < �9X � � � g � wX � � Pv�7�R % :Cw <v��a /
Comparing with the TTRR (A.5) we find¤ qJ:Cw <x� : X �  < � �=X � � ��� ��� g X � � � � � � w � � �=X � � � � w �D�¤ % :Cw <x� w � g X � � � � � � w � � ¤ � :Cw <x� : X �  < : X � � <$�
and therefore, for the wave functions we find (see (2.15))�=� g X � � � � � � �d�9� � � � ££ � ��¥ X � � �+_$� �T�9� � � : X �  < : ¥ X � � < � 2�3 �657 j 8�: �=<� � V : X �  < : X � � < � X �4_�� � ��� � X �4_�� � � �  ��2�3 �057=R � j 8 : �9< /� X % �|a , _ % � � Following the same technique and using now twice, in the resulting (2.14),
formulas (A.3) and (A.2) we get�=� X � � � � �d� � � � � ££ � �+_ � � �T� � � g X � � � � �T� � ���62�3 �657 j 8�: �=<� � �T��� V � X �4_�� � ��� � X �4_�� � � �  � 2 3 �057 j 8[R � : �=< /

2.3. Numerical analysis of the recurrences. In this section we will present the numer-
ical analysis of some of the recurrence relations and ladder-type operators for the I.H.O. We
have used the commercial program MATLAB [12].

First of all, let us point out that if we choose the values of
X

and
_

large enough and
compute the radial wave functions 2 3 �657 j 8�: �=< using the definition (2.1) we observe a picture of
an unbounded function that do not corresponds to the real ones. This picture is probably due
to numerical instabilities and consequently, we can not directly evaluate these functions for a
given � by means of (2.1). In figure 2.1 we represent the maximum value of the parametersX

,
_

for which the direct computation works, i.e., the region below the curve defined by these
points is the region of computational validity of (2.1). Therefore, if we want to have the
values of the radial functions for

X � _ large enough, it is necessary to apply the recurrence
relations (RR) in order to calculate them.

From the previous sections it follows that the recurrence relations of the I.H.O. can be
classify in three different types:� RRs which involve functions 2 7=¦ j 8[¦ with indices : X � _ < , : X¨§  � _ < (see (2.5)); : X � _ < ,: X � _ §  < (see (2.6)); : X � _ < and : X�©  � _ §  < (see (2.9)); and : X � _ < and : X�§  � _ ©  <

(see (2.10)). We will call them the regular recurrences.



ETNA
Kent State University 
etna@mcs.kent.edu

ON RECURRENCE RELATIONS FOR REDIAL WAVE FUNCTIONS 13

20 25 30 35 40
n

0

20

40

60

l m
ax

FIG. 2.1. We plot the maximum value of ª versus « , for which the radial wave functions can be calculated by
using (2.1).� The other RRs, e.g. the ones which involve the indices : X � _ < , : X � _¬�  < , : X �  � _ < ;: X � _ < , : X � _}�  < , : X �  � _ < ; : X � _ < , : X � _}�  < , : X � � � _ < ; : X � _ < , : X � _s�  < , : X � � � _ < ;

etc. (see e.g. (2.7), (2.8), (2.11), (2.12)).� Relations which involve the derivatives, i.e., ladder-type relations.
In this section we evaluate the radial wave functions by using different recurrence relations
with the aim to discuss their effectiveness (based on the time of the numerical simulations
and convergence of the formulas). In all the numerical computations of 2 7 j 8 : �9< we use ��� 
and
� � g .

0 50 100 150
n

0

1

2

3

4

tim
e 

(s
)

FIG. 2.2. We represent with pluses, stars and circles the computational time (in seconds) to obtain the radial
function versus « from the RRs (2.5), (2.6), and (2.10), respectively. In this case ª��« and each function have been
evaluated at ®?¯$¯$¯ points.

First of all, we evaluate the function 2 7 j 8 : �=< in
 a�aJa points, corresponding to the ele-

ments of the vector �¡� : ¥ / a  � ¥ / a � �c°�°c°��  ¥ < (in the matlab notation ��� � ¥ / a +± a / a +±� ¥ � ),
by using the formulas (2.5), (2.6) and (2.10). In figure 2.2 we compare the computational
time to do these operations in each case when

X � _ (notice that in this case we need to apply
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the corresponding RR
X � 

times).

0 50 100 150
n

0

10

20

30

tim
e 

(s
)

FIG. 2.3. Computational time versus « for ª��²Q¯ . The pluses refer to the recurrence relation (2.5), whereas
the circles are results from (2.11)+(2.5).

We observe that formula (2.5) allows us to compute these functions faster. The difference
in time among these methods is more appreciable when

X
is bigger. We would like to remark

that in order to apply the formula (2.5) to obtain 2 7 j 8 : �=< , we fix
_

and change the first argu-
ment from


to
X � 

. In addition, we need to know the initial conditions of the RR, which in
this case are 2 q j 8 : �=< and 2 % j 8 : �9< . Both functions are related with the Laguerre polynomialsP 8[R �Z³ � I %q : ) <0�  and

P 8AR �Z³ � I %% : ) <�� ) , respectively, regardless of the value of
_
. Further-

more, for using the relation (2.6) one should use the initial conditions 2 7 j qs: �=< and 2 7 j % : �=< ,
but they can not be calculated by formula (2.1) for large values of

X
(see figure 2.1) as already

pointed out. So, the initial conditions should be calculated using the recurrence formula (2.5).
Moreover, when we use the relation (2.6) we see that there exists an interval close to �´�Wa
where 2 7 j 8 : �9< diverges (oscillates without any pattern) and this interval becomes larger whenX

increases. This divergence, at the vicinity of zero, also appears when we use (2.10). In the
last case, one should also use (2.5) to obtain the initial condition.

The recurrences (2.7), (2.8), (2.11) and (2.12) are even more complicated to use than (2.6)
and (2.10). They should be used together with (2.5), not only because the initial conditions,
but also because their own nature (they mix both indices). Let us check if 2 7 j 8 : �9< can be
obtained faster when we combine for example (2.11) with (2.5), instead of using (2.5) alone.
In figure 2.3 we show the computer time to obtain 2 7 j 8 : �=< versus

X
(and fixing

_ � ¥ a ) for the
relation (2.5) alone, and combining (2.11) and (2.5) together. Both functions are computed in aJa�a points corresponding to the elements of the vector

� a / a 4± a / a ¡±� a9� . From this figure
we conclude that the formula (2.5) is the best one for computing 2 7 j 8 : �=< .

Concerning the ladder-type relations, let us mention that the relations (2.16) and (2.17)
behave numerically unstable for large values of

_
and
X

, respectively. Therefore, they are not
useful to compute numerically the radial wave functions but instead of this we can use them,
together with (2.5) for finding the derivative of the radial wave functions (see figure 2.4).
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FIG. 2.4. In the top panel we show the µ&¶�·�¸ ¹º·�»o¼Q½ computed by using the recurrence relation (2.5). In the
bottom panel we represent the derivative of this function computed from the ladder-type relation (2.16).

3. Radial functions for the Hydrogen atom. In this section we will provide a similar
study for the Hydrogen atom described by the Schrödinger equation� �
	¾��� � �|�b����� 	 �¿�!"$#&%(' �'�) �" �*�+� ,--. �!"$#&% ) � "�/
The solution is given by �|�y243 �65798;: �=<t> 8A@ :CB � < , where the radial part 243 �65798D: �=< is defined by
[2, 9]

(3.1) 2 3 �657=8;: �=<E�(F 3 �657 j 8ÁÀ �X � � I�Â� Ã 8 ÄQÅ�Æ À � �� ] X � � I�Â�|`TÃ P � 8AR � I �7}I�8�I % À �X � � I�Â�hÃ /
Here
X � _��  � _&� � � /c/�/ and

_ �Çad�  � � � /�/c/ are the quantum numbers,
�ÈeÉg

is the
dimension of the space, and the normalizing constant F 3 �657 j 8 isF 3 �057 j 8 � V : X �Ê_¬�  < Y: X �(_T� � � g < Y �] X � � I�Â�Ë` � /

As we already pointed out in [8], the Laguerre polynomials that appear in the expression
of the radial functions are not the classical ones

P �7 : ) < in the sense that the parameter � as
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well as the variable ) depend on the degree of the polynomials,
X

. When the parameters of the
classical polynomials depend on

X
, the polynomials are orthogonal with respect to a variant

weights (for more details see e.g. [10, 11, 18]). Nevertheless, as we showed in [8], using
the algebraic properties of the classical Laguerre polynomials (A.1)–(A.5) one can derive the
algebraic relations of the radial wave functions.

3.1. Recurrence relations and ladder-type operators for the radial functions. In [8]
we proved the following

THEOREM 3.1. Let the functions 2 3 �05798�Ì ] X � � IOÂ� ` �ÎÍ , 2 3 �057�R97 K j 8 R�8 K Ì ] X � X % � � IOÂ� ` �ÎÍ and2 3 �657=R�7 L j 8AR�8 L Ì ] X � X � � � I�Â�É` �OÍ be three different radial functions of the
�

-th Hydrogen
atom and

X % � X � and
_ % � _ � integers such thatl4mon : X � X % � X � X � � _T�;_ % � _T�(_ � < e a /

Then, there exist not all three vanishing polynomials in � , p�q , p % , and p � , such thatp�q : �=<t2 3 �65798 �=� X � � � g�Ï� � � � p % : �9<?2 3 �657�R�7 K j 8AR�8 K �=� X � X % � � ��Ð�Ï� � �� p � : �9<?2�3 �657�R�7 L j 8AR�8 L �=� X � X � � � � �Ï�����Ñ��a /
Moreover, the expressions for the polynomial coefficients in the above formula are given by
[8, Eq. (4.7) page 2063]p�q : �=<E� p �q : �=<E~�F 3 �657 j 8�� I % � 8 K R�8 L � p % : �=<0� p �% : �9<v~�F 3 �657=R�7 K j 8[R�8 K � I % � 8 L �p � : �=<E� p �� : �=< ~ F 3 �657=R�7 L j 8AR�8 L � I % � 8 K �
where pr�q , pr�% , and pr�� , are the non all three vanishing polynomials of the linear relationp �q : �9< Pv�@ : �=< � p �% : �9< P � R � 8 K@6R�7 K I�8 K : �=< � p �� : �9< P � R � 8 L@6R�7 L I�8 L : �=<E�yad�
and � � � _d� � � � , Ò � X �Ó_¬�  .

As examples of recurrences obtained by using the Theorem 3.1 we have the following
(the first two are taken from [8], the other five are seem to be new). Other cases can be
obtained in the same way.� X % �  , X � � �  , _ % � _ � �ya [8, page 2063]� : X �Ó_¬�  < : X �;_T� � � g < � �=X � � �ÊÐ�=X � � � g � � 2�3 �657}I % j 8 ��� X � � �ÊÐ� ������ : �9X � � � g � �=<?2 3 �057 j 8 �=� X � � � g� � � �� � : X �Ê_ < : X �h_d� � � � < � �9X � � � �9X � � � g � � 2 3 �057=R % j 8 �=� X � � � � � � � �ba /(3.2)

� X % � X � �ya , _ % � �  , _ � �  [8, page 2064]: � _�� � �  <c� : X �+_ < : X �4_�� � � g <s�92�3 �657 j 8�I % : �=< � : � _d� � � � <=Ô� : �9X � � � g <t� � : � _�� � � g < : � _T� � �  < � X � � � g� ����2�3 �057 j 8�: �9<� : � _T� � � g <c� : X �+_$�  < : X �4_�� � � � <O�92�3 �057 j 8[R % : �=<E�ba /(3.3)
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ON RECURRENCE RELATIONS FOR REDIAL WAVE FUNCTIONS 17� X % �  , X � �  , _ % ��a , _ � � � X �Ê_ :  � �=<t�x2 3 �057=R % j 8 �=� X � � � � � � �� � X �;_T� � � � : � _T� � �  < � �9X � � � g�9X � � �  � � ��2 3 �657 j 8 �9� X � � � g� � � �� ÌH: � _T� � �  < � � :  � �9< : � _T� � �  � �=<ºÍ � X �;_T� � �  ÔÔÕ2�3 �657=R % j 8AR % �=� X � � � � � � � �baT�� X % � �  , X � �  , _ % �  , _ � � � Ö=×HØ�Ù�Ú�Û^ÜrÝ�Ü�Þ�ßdàá×HØ�Ù�Ú�Û^Ü�â�ß�×HØcÙ�Ú�Û^Ü
ØOßkÚ
ÞJ×�ÞJÚrØ�ßiãtÚrØQÞJ×�äåÜ�Ù?ÜrÝJÜ6Þ�ßtævçç¡è
éAê�ëì ¸ í�î�ï äðÚ ÛñÜòâØ ó ÞQôÜÊõ ×�äåÜ�Ù�Ü
Ø�ß�×�äåÜ�Ù�ÜrÝ$ß ï Øcä�Ú�Û^Ü
öØcä�Ú�Û^Ü�â óv÷ ×HØcÙ�Ú�ÛøÜ�âdÜ�ÞOßCÞ�è éAê&ëì=ù�ú ¸ íáû ú î�ï ä�Ú Û^Ü
öØ ó Þ ôÜ õ ×�äåÜ�Ù�ß�×�äåÜ�ÙºÚ�ÝQß ï ØQä�Ú�ÛøÜrÝØQä�Ú�ÛøÜ�â ó ÷ ×HØ�Ù�Ú�Û^ÜrÝ�Ü�Þ�ßCÞ�è éAê�ëì û ú ¸ í ù�ú î�ï ärÚ Û^ÜrÝØ ó Þ ô�ü4ý=þ� X % � �  , X � �  , _ % � �  , _ � � p�q : �=<t2�3 �657 j 8 �=� X � � � g� � � � � p % : �=<�2�3 �657}I % j 8�I % �9� X � � �DÐ� � � �� p � : �=<t2�3 �657=R % j 8AR % ��� X � � � � �����¨�baT�(3.4)

where,p qs: �=<E� : � _�� � �  � �=< � � : � _�� � � g < : � _�� � � � < � : � : X �+_$�  < � �=<=�O� �� : X �+_$�  � �=<��9�p % : �=<E� � : X �4_�� � �ð¥ < : X �4_�� � � g < � �9X � � ��Ð�9X � � � g � � : � _T� � �  � �=<��9�p � : �=<E�ñ� : X �(_d� � � � < : X �;_T� � �  < � �9X � � � �9X � � � g � � : � _�� � � g � �=<�� /� X % �ya , X � � � , _ % �  , _ � ��ap qJ: �=<?2�3 �057 j 8 �=� X � � � g� ���O� � p % : �=<�2�3 �657 j 8AR % �=� X � � � g� ���O�� p � : �=<t2 3 �657=R � j 8 �9� X � � � � � � � ��aT�(3.5)

where, p q}: �=<E� � X �4_�� � � � � : � _�� � �  < : X �4_�� � �  � �9< � : �=X � � �  � �=<��O���p % : �=<E� � X �Ê_¬�  : �9X � � �  � �=<t�9�p � : �=<E� : � _d� � �  <Q� : X �Ó_ < : X �Ê_T�  < : X �(_T� � �  < � �9X � � � �9X � � � g � � /
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18 R. ÁLVAREZ-NODARSE, J. L. CARDOSO, AND N. R. QUINTERO� X % � � , X � � � , _ % �ba , _ � � p�q : �=<t2 3 �657 j 8 �=� X � � � g� � � � � p % : �=<t2 3 �657=R � j 8 �=� X � � � � � � �� p � : �=<t2�3 �657=R � j 8AR % �9� X � � � g� �����Ñ��aT�(3.6)

where, p qJ: �9<0� � : � _�� � �  <Q� : X �+_ < : X �4_�� � � � < : X �4_�� � �  < � �9X � � � g�9X � � �  � � �p % : ) <0� � X �Ó_T�  � : � _T� � �  < : X �Ê_¬� �=< � : �9X � � �  � �=<��O�º�p � : �9<0� � X �;_T� � : �=X � � �  � �=<�� /
3.2. Ladder-type relations for the radial functions of the Hydrogen atom. Our start-

ing point is the following
THEOREM 3.2. Let 243 �657=8 Ì ] X � � I�Â�É` � Í , and 2�3 �057=R�7 K j 8[R�8 K Ì ] X � X % � � I¬Â��` � Í two dif-

ferent radial functions of the Hydrogen atom and ÿÿ N 2�3 �65798 Ì ] X � � I¬Â��` � Í , the first derivative
with respect to � , where

X % and
_ % are integers such that

l4mon : X � X % � _T�;_ % <e a , : X % < � � : _ % < � ¢�fa . Then, there exist not all three vanishing polynomials in � , p�q ,p % and p � , such thatp
q : �=<?2 3 �05798 �=� X � � � g� � � � � p % : �9< ££ � 2 3 �657=8 �=� X � � � g� � � �� p � : �=<t2 3 �657=R�7 K j 8AR�8 K �=� X � X % � � � g� � � � �ya /(3.7)

The proof is similar to the one of Theorem 2.2 and was given in [8]. In fact in this case the
relation (3.7) becomes into (see [8, (4.13) page 2064])� 8 K � ¤ % : �9< ££ � � ¤ % : �=<s~ _� � � � � ¤ qJ: �=<?�^2�3 �65798 �=� X � � � g� ���O�� ¤ � : �=< F 3 �057 j 8F�3 �657=R�7 K�j 8AR�8 K 2�3 �657=R�7 K j 8AR�8 K �9� X � X % � � � g� � � � �(3.8)

where the polynomials ¤ q , ¤ % , and ¤ � are such that

(3.9) ¤�q :�� < P �@ :�� < � ¤ % :�� < P � R %@�I % :�� < � ¤ � :�� < P � R � 8 K@6R�7 K I�8 K :�� <x�yad�
and � �b� � X � � I�Â� , � � � _�� � � � , Ò � X �Ê_¬�  .

Again, from the above theorem it is easy to obtain several relations for the radial wave
functions of the Hydrogen atom and, in particular, the ladder operators in

X
and
_
, respectively.

We will present here some of them. The first three are taken from [8] and the other two are
seem to be new.� X % �ya , _ % �  [8, page 2065]�=� _T� � � � � � ££ � � _� � ��� � 2�3 �65798;: �=<E�� � V  � � _T� : � �  < � �X � : � � g < � ��� � 2 3 �657 j 8AR % : �=< /(3.10)
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(3.11)

� : � _�� � �  � �=< � ££ � � _� � �¬� � : X �4_�� � � � <��å2�3 �65798 �9� X � � � g� �����Ñ�� � : X �4_�� � �  < : X �4_�� � � � < � X � : � �  < � �X � : � � g < � �¬� � 2�3 �657=R % j 8AR % Ì ] X � � I %�Ë` � Í /� X % �  , _ % �ya [8, page 2066]

(3.12)

� � � ££ � � � : X � : � � g < � � < � � : X � � � � <��Z2 3 �65798;: �9<v�� : X �+_ < : X �4_�� � � � < � X � : � �  < � �X � : � � g < � �¬� � 2 3 �657=R % j 8 �=� X � : � �  < � �X � : � � g < � �¬� � � /� X % � a , _ % � � . Introducing these values into (3.9) and putting � � � _å� � � � �Ò � X �Ê_¬�  and � � N7=R S����L � we get

(3.13) ¤ qs:�� < Pv�@ :�� < � ¤ % :�� < P � R %@�I % :�� < � ¤ � :�� < P � R	�@�I � :�� <x�ba /
Now, using three times relations (A.4) and (A.2), (3.13) becomes into� ¤�q :�� < � ¤ % :�� < � ¤ � :�� < : Ò � � � � < : Ò � � �  <� � � P � R �@�I � :�� <� � � � ¤ q�:�� < � ¤ % � � � ¤ � :�� < : Ò � � � � < : Ò �  <� � � P � R �@�I % :�� <� � ¤�q :�� < � ¤ � :�� < : Ò �  < Ò� � � P � R �@ :�� <x�ya /
Comparing with the TTRR (A.5) we find¤�q :�� <x� Ò � Ò : Ò �  <: � � � < : � � g < � � ¤ � :�� <x� � Â: � � � < : � � g < �¤ % :�� <x� � : � �  < : � � g < � : � Ò � � �  < �� � g
and therefore (see (3.8)), for the wave functions we find� : � _T� � < : � � � : � _�� � �  < : � _T� � �  <�< � ££ � � _� �(��� �: X �+_Q�  < Àå: � _�� � < : � _�� � �  < � X �+_$� �X � � I�Â� � Ã � 2 3 �657 j 8 �=� X � � � g� � � �� � � : X �+_Q�  < : X �+_$� � < : X �4_�� � �  < : X ��_�� � � � <] X � � I�Â� ` Â 2�3 �057 j 8[R � �=� X � � � g� ���O� /� X % � � , _ % �ya
 î Ø ï ä�Ú ÛøÜ�âØ*ó ï ä�Ú Û^ÜrÝØ ó ÜòÞ ô î Þ��� Þ Ü�Ù�Ü ÞØ Ú ï ä�Ú Û^Ü�âØ*ó ×�ä�Ú�ÙºÚ�ÛøÜ
Ø�ß ôÜ ï ä�Ú Û¾Ü�âØ ó0÷ ×�ä4ÜòÙ�ß�×�ä+Ú�ÙsÚ�Û¾Ü�Ø�ß�4è éAê&ëì ¸ í à ï ärÚ Û¾ÜòâØ ó ÞQã üï ä�Ú Û�Ú�ÝØfóv÷ õ ×�äåÜ�Ù�ß�×�äåÜ�ÙºÚ�ÝQß�×�ä�Ú�ÙºÚ�ÛrÜ
ØOß�×�ä�Ú�ÙºÚ�ÛøÜ�â�ßtè éAê&ëì û ÷ ¸ í�î�ï ä�Ú ÛÕÚ+ÝØ ó Þ ô��
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3.3. Numerical analysis of the recurrences. As in the previous case, the radial wave
functions for

X
and
_

large enough, calculated by using the functions (3.1) (by means of the
Laguerre polynomials), behave as an unbounded function, and therefore we can not directly
evaluate these functions for a given � . In figure 3.1 we show the critical values of

X @���� for
a given

_
for which the radial functions can be computed using the explicit expression (3.1).

The region where the explicit formula works is the one defined by the two curves in figure
3.1, (it is defined the values

_T� �� X � X @���� ).

0 10 20 30 40 50 60 70
l
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80

100
n m
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FIG. 3.1. We represent with solid line the function «ð�ª��Ñ® (this line represent the minimum value of « ) and
with the stars joint by the dashed line the maximum value of « for a given ª for which the radial wave functions can
be calculated using (3.1).

Again we have studied numerically how to obtain the radial wave functions applying the
recurrence relations (RR) of two types: the first ones are represented by the formulas (3.2),
(3.3) and (3.4) and the second ones correspond to the ladder-type RRs (3.10), (3.11) and
(3.12). For the former RRs we observe that� the relation (3.2) is the most useful one because the initial conditions 2 8AR % j 8 and2 8AR � j 8 can be calculated by using the Laguerre polynomials (notice that in this case

we fix
_

and start with
X � _T� � ).� in the relation (3.3) we fix
X

and increase the value of
_

in each step up to its max-
imum value. From figure 3.1 we conclude that for large value of

X
, we can not use

the initial condition calculated by using Laguerre polynomials (formula (3.1)) and
instead of this we should use the RR (3.2). For this reason, this relation can not be
used alone (the same is true for the RR (3.4)). In addition, notice that the initial
conditions are two radial functions, 2 7 j 8�I % and 2 7 j 8 evaluated at � , whereas (3.2)
gives us the same functions but at

X � (this implies a rescaling of the argument).� From figure 3.2 we observe that the computational time is less when we use the
formula (3.2). Moreover, the formulas (3.3) and (3.4) are numerically unstable at
the vicinity of zero and this region becomes larger when

X
and
_

increases.� As in the case of the I.H.O. the higher order relation (3.5) and (3.6) are not useful
for numerical evaluation of the Radial functions.

For the ladder-type relations we would like to point out the following remarks� Notice that the expression (3.12) involves two wave functions evaluated at different
points, so in each step to calculate 2 7=R % j 8 � : X �  <�� � X � we need to know 2 7 j 8 : �=< ,
but in the previous step we calculate 2 7 j 8 at

X � � : X �  < , not at � . For this reason
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FIG. 3.2. We represent with pluses, stars and circles the computational time versus ª ( «����ª���® ) to compute
the radial wave functions by using (3.2), (3.3) and (3.4), respectively.

this RRs it is not useful for obtaining numerically the radial wave functions.� As in the previous case, we can use the ladder-type relations (3.10), (3.12) and (3.11)
together to (3.2), to compute the derivative of the radial wave function. As an exam-
ple see the figure 3.3, where we plot the radial wave function and its derivative by
using (3.10) for

X ����a and
_ � Ð a .

In general we verify that the ladder-type RRs are not useful in order to compute numeri-
cally the radial wave functions. Nevertheless they can be used, together with (3.2) for finding
the derivative of the radial wave functions.

Programs. For the numerical simulations presented here we have used the commer-
cial program MATLAB. The used source code can be obtained by request via e-mail to
niurka@euler.us.es or ran@us.es.
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Appendix. The Laguerre polynomials. The Laguerre polynomials
P �7 defined by the

hypergeometric seriesP0�7 : ) <E� : � �  < 7XZY % F % � � X� �  ��� ) � � : � �  < 7XZY 7!"$# q : � X < ": � �  < " ) "! Ys�:�" < q ± �  � :�" < " ± � "¬:�" �  <¬°�°c° :�" � ! �  <$� ! �  � � � g � /c/c/¬/
These polynomials satisfy the following useful recurrence and differential-recurrence rela-
tions (see e.g. [1, 15, 17])

(A.1) ££ ) P �7 : ) <0� � P � R %7}I % : ) <$�
(A.2) ) Pv� R %7 : ) <E� : X � � �  < Pv�7 : ) < � : X �  < Pv�7=R % : ) <$�
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FIG. 3.3. In the top panel we show the µ$#�·�¸ ¹º·9»[¼Q½ computed by using the recurrence relation (3.2), whereas in
the bottom panel we represent the derivative of this function computed from the ladder-type relation (3.10).

(A.3) ) Pv� R %7 : ) <v� : X � � < Pv�7}I % : ) < � : X � ) < Pv�7 : ) <Q�
(A.4)

P0� I %7 : ) <E� Pv�7 : ) < � P0�7}I % : ) <Q�
(A.5) : X �  < Pv�7�R % : ) < � : �=X � � �  � ) < P0�7 : ) < � : X � � < Pv�7}I % : ) <E�ya /
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