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SYSTEMS OF ORTHOGONAL POLYNOMIALS DEFINED BY
HYPERGEOMETRIC TYPE EQUATIONS

�
NICOLAE COTFAS

�
Abstract. A hypergeometric type equation satisfying certain conditions defines either a finite or an infinite sys-

tem of orthogonal polynomials. We present in a unified and explicit way all these systems of orthogonal polynomials,
the associated special functions and the corresponding raising/lowering operators. This general formalism allows us
to extend some known results to a larger class of functions.
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1. Introduction. Many problems in quantum mechanics and mathematical physics lead
to equations of the type �������
	�� ����������������
	��
����������	����������(1.1)

where ������� and ������� are polynomials of at most second and first degree, respectively, and �
is a constant. These equations are usually called equations of hypergeometric type [14], and
each can be reduced to the self-adjoint form� ������� �!�����
	 � �����" � �#���!�����$	������%�&�
by choosing a function � such that

� �������'�������
" � �(������� �!����� .
The equation (1.1) is usually considered on an interval �*),+.-/� , chosen such that�������102� 3547698;:<:=�?>@��),+.-A��������102� 3547698;:<:=�?>@��),+.-A�:CB<DFE$G?H9������� �!�����I��:<BCDFE$G?JK�������'�������%�&�ML

Since the form of the equation (1.1) is invariant under a change of variable �?NOQP/�R�#S , it is
sufficient to analyse the cases presented in table 1.1. Some restrictions must be imposed onT , U in order for the interval �*),+.-A� to exist.

The equation (1.1) defines either a finite or an infinite system of orthogonal polynomials
depending on the set V/W >(XZY
:CB<D E$G[H �������'�������\�^]��_:<BCD E$G?J �������'�������\�^]��`��a7L A unified
view on all the systems of orthogonal polynomials defined by (1.1) was presented in [8].
We think that certain results known in particular cases can be extended to a larger class of
functions by using this general formalism, and our aim is to present some attempts in this
direction.

The literature discussing special function theory and its application to mathematical and
theoretical physics is vast, and there are a multitude of different conventions concerning the
definition of functions. Since the expression of the raising/lowering operators depends di-
rectly on the normalizing condition we use, a unified approach is not possible without a
unified definition for the associated special functions. Our results are based on a definition
presented in section 2. The table 1.1 allows one to pass in each case from our parameters T , U
to the parameters used in different approach. For classical polynomials we use the definitions
from [14].b
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TABLE 1.1
The main particular cases������� ������� �!����� T + U �*),+'-A�c T ��� U d�e E
f'g.hjilk!E T�m � �$npo�+'o#�� T ��� U � kMq�r d�e E T[m � , U 0s� ���M+ o��c n[� h T ��� U � c �t��� q�u e qKk7v*g.hAq�r � c n[��� q�u e ilkwv*g.hAq�r T[m U m n T �$n c + c �� h n c T ��� U ����� c � u e q�k7v�gjh/q�r ���Kn c � u e i�k7v*g.hAq�r n U msTxm � � c + o��� h T ��� U � e qlh d q�kwg'E T[m � , U 0s� ���M+ o��� h � c T ��� U � c �#� h � e g.h/q�r d k�y.z5{|*y.}�E T�m � �$npo�+'o#�

2. Orthogonal polynomials and associated special functions. In this section we re-
view certain results concerning the systems of orthogonal polynomials defined by equation
(1.1) and the corresponding associated special functions. It is well-known [14] that for�~���M� , where � � ��n � � � ������ � � � n c ��n@� � ����� � � >��
the equation (1.1) admits a polynomial solution � ��� � u e�� k7v� of at most � degree������� � � �� ��������� � �� �#�M� � ���&�ML(2.1)

If the degree of the polynomial � � is � then it satisfies the Rodrigues formula� � �����I��� �������� � �� � � � � � ����� �!�����"
where � � is a constant. We do not impose any normalizing condition. Each polynomial � � is
defined only up to a multiplicative constant. One can remark that:CBCDE$G?H ������� �!�����j� ] ��:<BCDE$G?J �������'�������j� ] ��� 354;6 W > � �M+'o#�
in the case �������1> V c +��7+ c n�� h a , and:CB<DE$G[H �������'�������\� ] ��:CB<DE$G[J ������� �!�����\� ] �&� 35476 W > � ��+/n T �
in the case �������1> V � h n c +9� h +�� h � c a . Let� � � o 354;6 �������1> V c +��7+ c n�� h ar q eh 354;6 �������1> V � h n c +�� h +�� h � c awL

PROPOSITION 2.1. [14, 8] a) V�� ��Y � m � a is a system of polynomials orthogonal with
weight function ������� in �*),+.-/� .
b) � � is a polynomial of degree � for any � m �

.

c) The function � �\�����A� ������� is square integrable on ��),+.-A� for any � m �
.
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d) A three term recurrence relation� � �$������� T � � � i�r ������� U � � �$������� W � � � q�r �����
is satisfied for

c m � � c m �
.

e) The zeros of � � are simple and lie in the interval ��),+.-A� , for any � m �
.

The polynomials � u e�� kwv� can be expressed in terms of the classical orthogonal polynomi-
als but in certain cases the relation is not very simple.

PROPOSITION 2.2. [8, 9] Up to a multiplicative constant

� u e�� k7v� �����I�
��������������� ��������������

� ���w� q eh ��n k� qlh e�� B�3 �������%� c� kMq�r� �\n T ��� B�3 �������%���� u5q�u e ilk7v*g.h/q�r � u5q e ilk7v*g.h/q�r\v� ����� B�3 �������%� c n�� h� u5u e qKk7v*g.hAq�r � u e ilkwv*g.hAq�r$v� �\n���� B�3 �������%��� h n c� Ek � � � r q e q,h �� � k E � B�3 �������%��� hB � � u5u e i�  k7v*g.h/q�r � u e q,  k7v*g.hAq�r$v� �*B¡��� B�3 �������%��� h � c
where

�s¢
,
��£ ¢ and

� u £ � ¤ v¢
are the Hermite, Laguerre and Jacobi polynomials, respectively.

Let � >¥� , � m �
, and let ¦ > V ��+ c +/LCL<LC+ � a . By differentiating the equation (2.1) ¦ times

we obtain the equation satisfied by the polynomials § � � ¨ �ª©^«© E « � � , namely������� § � �� � ¨ � � �������9� ¦ � � �����" § �� � ¨ �&������nx� ¨ � § � � ¨ ���ML(2.2)

This is an equation of hypergeometric type, and we can write it in the self-adjoint form� �������'� ¨ ����� § �� � ¨ " � ����� � n�� ¨ � � ¨ ����� § � � ¨ ���
by using the function � ¨ �����%��� ¨ �����'������� .

DEFINITION 2.3. The functions� � � ¨ �����%��¬ ¨ ����� � ¨� � ¨ � �$����� p®K¯�°�¯±¬������%� � �������(2.3)� >¥� , � m �
and ¦ > V �M+ c +/LCL<LC+ � a , are called the associated special functions.

The equation (2.2) multiplied by ¬ ¨ ����� can be written as² ¨ � � � ¨ ��� � � � � ¨
where

² ¨ is the differential operator² ¨ �³n�������� S hS!� h n@������� SS!� � ¦ � ¦ n � �´ �*� � �����j� h�������
� ¦ �������� � � ������������ n c� ¦ � ¦ n � �\� � � ������n ¦ � � ����� L

PROPOSITION 2.4. [8] a) For each ¦ m �
, the functions � � � ¨ with ¦ªµ � m �

are
orthogonal with weight function �!����� in ��)K+'-A� .
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b) � � � ¨ ����� � ������� is square integrable on ��),+.-A� for � µ2¦¶µ � m �
.

c) The three term recurrence relation� � � ¨ i�r �����l�¸· �������¬������ � � � ¦ n c �\¬ � �����$¹ � � � ¨ �����K�#�����Mnº� ¨ q�r � � � � ¨ q�r ���������(2.4)

is satisfied for any � m �
and any ¦ > V c + � +/LCL<LC+ � n c a . In addition, we have· �������¬������ � � � � n c �\¬ � �����$¹ � � � � �������&��� � n�� � q�r/� � � � � q�r������%���ML(2.5)

For any � >¥� , � m �
and any ¦ > V �M+ c +^L<LCL<+ � n c a , by differentiating (2.3), we obtain�� � � � � ¨ �����%� ¦ ¬ ¨ q�r �����\¬ � ����� � ¨� � ¨ � �M�#¬ ¨ ����� � ¨ i�r� � ¨ i�r � �$�����

that is, the relation �� � � � � ¨ �����%� ¦ ¬ � �����¬������ � � � ¨ ������� c¬������ � � � ¨ i�r������
which can be written as ·�¬������ SS!� n ¦ ¬ � �����
¹ � � � ¨ �����I� � � � ¨ i�r»����� L(2.6)

If ¦ > V c + � +/LCL<LC+ � n c a then by substituting (2.6) into (2.4) we get· ¬������ SS!� � �������¬������ ��� ¦ n � �j¬ � ����� ¹ � � � ¨ �����������M�ln�� ¨ q�r � � � � ¨ q�r �������&�
that is, · n�¬������ SSw� n �������¬������ n¼� ¦ n c �\¬ � ����� ¹ � � � ¨ i�r �����%�����M��n�� ¨ � � � � ¨ �����AL(2.7)

for all ¦ > V �M+ c +/LCLCL<+ � n � a . From (2.5) it follows that this relation is also satisfied for¦ � � n c
.

The relations (2.6) and (2.7) suggest we should consider the first order differential oper-
ators [11, 7, 9]½ ¨ ��¬������ SS!� n ¦ ¬ � ����� ½ i¨ �³n�¬������ SS!� n �������¬������ n2� ¦ n c �\¬ � �����
for ¦ � c m �

.
PROPOSITION 2.5. [10, 6, 11, 8] We have½ ¨ � � � ¨ � � � � ¨ i�r ½ i¨ � � � ¨ i�r �³���M� n[� ¨ � � � � ¨ ¾l¿ °�� µ#¦ m � m � L(2.8)

� � � ¨ � ½ i¨�M�ln�� ¨ ½ i¨ i9r���lnx� ¨ i�r LCL<L ½ i� q�r���lnx��� q�r � � � � ¾l¿ °#� µ�¦ m � m � L(2.9)

YCY � � � ¨ i9r YCY;� � ���,n�� ¨ YCY � � � ¨ YCY ¾l¿ °À� µ�¦ m � m � L(2.10)
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SYSTEMS OF ORTHOGONAL POLYNOMIALS 49² ¨ nx� ¨ � ½ i¨ ½ ¨ ² ¨ i�rIn�� ¨ � ½ ¨ ½ i¨ ¾l¿ ° ¦ � c m �
² ¨ ½ i¨ � ½ i¨ ² ¨ i�r ½ ¨ ² ¨ � ² ¨ i�r ½ ¨ ¾l¿ ° ¦ � c m � L

From (2.8), (2.9) and (2.10) it follows that the normalized associated special functionsÁ� � � ¨ � � � � ¨ÃÂ Y<Y � � � ¨ Y<Y satisfy the relations½ ¨ Á� � � ¨ �ÅÄ � � n�� ¨ Á� � � ¨ i�r ½ i¨ Á� � � ¨ i�rR��Ä � � n�� ¨ Á� � � ¨Á� � � ¨ � Æ�Ç«� È�É�qlÈ « Æ Ç« ÇwÊÄ È�É�qlÈ « Ç!Ê LCL<L Æ ÇÉ<Ë ÊÄ È�É�qlÈ�É<Ë Ê Á� � � �
L(2.11)

3. A group theoretical approach based on projection method. The system of func-
tions

Á� � � ¨ is the projection of the system of functions [1, 2, 13]Y � + ¦ �ÍÌ��*),+.-/�1Î � nRÏ�+\Ïl"�n,OÑÐ Y � + ¦ ��� d   ¨RÒ ÁÓ � � ¨(3.1)

orthogonal with respect to the scalar productÔ*Õ +jÖ?×I� cÄ � ÏÙØ�Úq Ú Ø JH Õ ���7+jÛ���Ös���;+.Û��,�!����� � � � ÛÍL
More exactly, we can identify each function

Á� � � ¨ with the restriction of Y � + ¦ � to the subset�*),+.-/��Î V ��a . By using the relation ÜÜ Ò Y � + ¦ ���³B ¦ Y � + ¦ � obtained directly from definition
(3.1), and (2.11) we getd   Ò � ¬ ÜÜ E ��B¡¬ � ÜÜ Ò � Y � + ¦ ��� Ä ���lnx� ¨ Y � + ¦ � c �

d qK  Ò � n�¬ ÜÜ E ��BÝ¬ � ÜÜ Ò n�Þßà� � ¬ � � Y � + ¦ � c ����Ä � � n�� ¨ Y � + ¦ � L
These relations suggest we should consider the first order differential operators� i � d   Ò � ¬ ÜÜ E ��BÝ¬ � ÜÜ Ò �� qÙ� d qK  Ò � n�¬ ÜÜ E ��B¡¬ � ÜÜ Ò n Þßt� � ¬ � ���á �ânRB ÜÜ Ò
(3.2)

satisfying the relations � i Y � + ¦ ��� Ä ����nx� ¨ Y � + ¦ � c �� q Y � + ¦ ��� � ����nx� ¨ q�r Y � + ¦ n c �� á Y � + ¦ ��� ¦ Y � + ¦ �AL
One can remark that

� i Y � + � ×��(� andY � + ¦ ��� cÄ ���lnx� ¨ c� ����nx� ¨ i�räã^ã/ã c� ���,n���� q�r � � q9� � q ¨ Y � + � �



ETNA
Kent State University 
etna@mcs.kent.edu

50 N. COTFAS

for all ¦ > V ��+ c + � +^L<LCL<+ � n c a , but, generally,
� qIY � +.�7��å�æ� . For example, in the case of

Legendre polynomials ¬������I� Ä c n�� h , �������%��n � � and� ix� d   Ò � ¬ ÜÜ E ��BÝ¬ � ÜÜ Ò �� qÙ� d qK  Ò � n�¬ ÜÜ E ��BÝ¬ � ÜÜ Ò � ��n d   Ò � ¬ ÜÜ E ��B¡¬ � ÜÜ Ò � �ân � i
whence� � q�� ¨ Y � +j�w���³�\n c � ¨ d q,  ¨RÒ � � � ¨ ���$n c � ¨ Y � + ¦ � 354;6�8»:C: ¦ > V c + � +^L<LCL<+ � a
and � � q�� � i�r Y � +.�7����� . The � � � � c � -dimensional vector space spannied by the set V � � q�� ¤ Y � + � ��Y.çà>V ��+ c + � +^L<LCLC+ � � a1a is invariant under the action of

� i ,
� q and

��á
.

The operators defined by (3.2) satisfy the relations
� �%á + �Iè "��&é �Iè

and� � iÍ+ � q�"ê���\nR� � � � ¬,¬ � � � � ¬ � h �
ë���B� � ¬K¬ � � � � ¬ � h � ÜÜ Ò� ���� ��� n T ë 354;6 �������R> V c +9�;a�íì �%á n e i�hh ë�î 354;6 �������I� c n�� hn � ì � á � e q,hh ë î 354;6 �������R> V � h n c +�� h +�� h � c a
where ë is the identity operator. The Lie algebra ï generated by

� i and
� q is finite dimen-

sional.
THEOREM 3.1.

ïæð � ð � ¿ ¦ ¿ °'ñ,® ð PÙò ¿
���� ��� � ¯ ð ��¯^ó�-A¯^°�ôÃ) � ô!¯�-'°�)Ã®�� � � ð ¾ �������1> V c +��;a�^õ9� � � ð ¾ �������%� c nx� h�^õ9� c + c � ð ¾ �������1> V � h n c +�� h +K� h � c a

Proof. If �������ö> V c +M�;a then the operators ÷ i �¸� n c Â T � i and ÷ q ��n?� n c Â T � q
satisfy the relations

� ÷ i1+ ÷ q�"l�³n1ë and
� ë!+ ÷ è "��(�ML

In the case �������%� c n¥� h the operators ÷ i@� � i , ÷ qø� � q and ÷ á � ��á n e i�hh ë satisfy
the relations

� ÷ iÍ+ ÷ q�"�� � ÷ á
and

� ÷ á + ÷ è "���é ÷ è L
If �������Ã> V � h n c +�� h +K� h � c a the operators ÷ i2� � i , ÷ q�� � q and ÷ á � �%á � e q,hh ë
satisfy the relations

� ÷ i1+ ÷ q�"l�³n � ÷ á
and

� ÷ á + ÷ è "l�Åé ÷ è L
In the case �������%� c n�� h , the functions Y � + ¦ � satisfy the relations÷ á Y � + ¦ �;�ø� Ó � ¦ n � ��Y � + ¦ � 354;6 ¦ > V �M+ c +/LCLCL<+ � a÷ i Y � + ¦ �7� � � � n ¦ �A� � � ¦ n T n c ��Y � + ¦ � c � 354;6 ¦ > V �M+ c +/LCLCL<+ � n c a÷ q Y � + ¦ �;� � � � n ¦ � c �/� � � ¦ n T n � ��Y � + ¦ n c �ù354;6 ¦ > V c + � +/LCLCL<+ � aú Y � + ¦ �7� Ó � Ó � c ��Y � + ¦ � 354;6 ¦ > V �M+ c +/LCLCL<+ � a

where
ú � ÷ q ÷ i � ÷ á � ÷ á �xë;� is the Casimir operator of �^õ�� � � and

Ó � � n e h n c
.

In the case �������1> V � h n c +,� h +�� h � c a , the functions Y � + ¦ � satisfy the relations÷ á Y � + ¦ �;�ø� Ó � ¦ n � ��Y � + ¦ � 354;6 ¦ > V �M+ c +/LCLCL<+ � a÷ i Y � + ¦ �7�Ù� � ¦ n � �A� ¦ � � � T n c ��Y � + ¦ � c � 354;6 ¦ > V �M+ c +/LCLCL<+ � n c a÷ q Y � + ¦ �;�ø� � ¦ n � n c �/� ¦ � � � T n � ��Y � + ¦ n c �ù354;6 ¦ > V c + � +/LCLCL<+ � aú Y � + ¦ �7�ºn Ó � Ó � c ��Y � + ¦ � 354;6 ¦ > V �M+ c +/LCLCL<+ � a
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where
ú � ÷ q ÷ iøn ÷ á � ÷ á �xë;� is the Casimir operator of �^õ�� c + c � and

Ó � � � e h n c
.

The Casimir operator of ®�� � � is the identity operator ë belonging to the algebra [5].
Our approach is different from the one presented in [12] based on ô � � � +.P/� and Miller

algebra ®�û . Generally, our algebra ï does not contain
� á

.

4. Some systems of coherent states. In this section we restrict us to the case �������I>V c +.�7+ c nR� h a7L For each ¦ >�� , the sequence
Á� ¨�� ¨ + Á� ¨ i�r � ¨ + Á� ¨ i�h � ¨ +^L<LCL is an orthonormal

basis in the Hilbert spaceü � � § ÌK�*),+.-A�ÍnlOÑÐÑýýýýý Ø
JH Y § �����/Y h �������$S!� m oÿþ Ô § r7Y § h�×;� Ø JH § r������ § hw�����,�������$S!�%L

The linear operator defined by (see figure 4.1)� ¨ Ì ü nlO ü + � ¨ Á� � � ¨ � Á� � i�r � ¨ i�r
is a unitary operator, the operators ) ¨ � � i¨ ½ ¨ +�) i¨ � ½ i¨ � ¨ are mutually adjoint, and) ¨ Á� � � ¨ � Ä � � nx� ¨ Á� � q�r � ¨ 35476 ��� ¦ � c) i¨ Á� � � ¨ � � � � i�r1n�� ¨ Á� � i�r � ¨ 35476 ��� ¦Á� � � ¨ � u¡H Ç« v É<Ë «Ä uCÈ�É*qlÈ « vuCÈ�É<Ë Ê qlÈ « v������ uCÈ « Ç!Ê q�È « v Á� ¨�� ¨ 35476 � 0 ¦ L(4.1)

Since ) ¨ ) i¨ Á� � � ¨ �����M� i9r n�� ¨ � Á� � � ¨ ) i¨ ) ¨ Á� � � ¨ �������lnx� ¨ � Á� � � ¨
we get the factorization

² ¨ n�� ¨ �&) i¨ ) ¨ and the relation� ) ¨ +j) i¨ " Á� � � ¨ ����� � i�r1nx� � � Á� � � ¨ L(4.2)

By using the operator� ¨ Ì ü ¨ nKO ü ¨ � ¨ Á� � � ¨ � n�� � � � n T� Á� � � ¨
the relation (4.2) can be written as

� ) i¨ +.) ¨ "l�³n � � ¨ . Since� � ¨ +j) i¨ "l�ân � � �� ) i¨ � � ¨ +.) ¨ "l� � � �� ) ¨
it follows that the Lie algebra ï ¨ generated by V ) i¨ +j) ¨ a is finite dimensional.

THEOREM 4.1.

ï ¨ ð � ð � ¿ ¦ ¿ °'ñ,® ð P�ò ¿ � � ¯ ð �^¯�ó�- ¯�°�ôä) � ô!¯�-'°�)Ã®�� � � ¾l¿ °��������1> V c +��;a�^õ9� c + c � ¾l¿ °��������%� c n�� h
Proof. In the case ��������> V c +.�;a the operator

� ¨ is a constant operator, namely,
� ¨ �n T . Since T�m � , the operators

� i�� � n c Â T ) i¨ ,
� qø� � n c Â T ) ¨ and ë form a basis ofï ¨ such that � � i + � q "��ân1ë � ëw+ � è "��(�
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FIG. 4.1. The operators ��� , ���� , ��� , ���� and ��� relating the functions ������ � .

that is, ï ¨ is isomorphic to the Heisenberg-Weyl algebra ®�� � � .
If �������I� c n�� h then ÷ i���) i¨ , ÷ qø�() ¨ and ÷ á � � ¨ form a basis of ï ¨ such that� ÷ i + ÷ q "l�ân � ÷ á � ÷ á + ÷ è "l��é ÷ è L

In the case �������R� c n�� h , the functions
Á� ¨p� ¨ + Á� ¨ i�r � ¨ + Á� ¨ i�h � ¨ +/LCLCL , satisfy the rela-

tions ÷ á Á� � � ¨ � ì � n e h î Á� � � ¨÷ i Á� � � ¨ ��� � � n ¦ � c �A� � � ¦ n T � Á� � i�r � ¨÷ q Á� � � ¨ � � � � n ¦ �/� � � ¦ n c n T � Á� � q�r � ¨ú Á� � � ¨ �³n ì e h n ¦ î ì e h n ¦ � c î Á� � � ¨
where

ú � ÷ q ÷ i n ÷ á � ÷ á �xë;� is the Casimir operator of �^õ�� c + c � . If we denote� á � ¦ n T � ��n Ó Y Ó +\ó�×�� Á� ¨ i ¢ � ¨
then the above relations can be written as÷ á Y Ó +\ó�×���� � á ��ó���Y Ó +jó�×÷ i Y Ó +\ó�×�� � � Ó � � á ��óF� c �A� � á n Ó ��ó���Y Ó +jó~� c ×÷ q Y Ó +\ó�×���� � Ó � � á ��ó��/� � á n Ó ��ó¥n c ��Y Ó +\ó¥n c ×ú Y Ó +\ó�×��³n Ó � Ó � c ��Y Ó +jó�× L
and show that [3, 15], in case �������R� c n�� h , the representation of �^õ9� c + c � defined by (4.1)
in

ü
is the irreducible discrete representation � i ì e h n ¦ î .

Let ¦ >�� be a fixed natural number. The functions Y �7× , Y c × , Y � × , ã/ã^ã , whereY ó�×%� Á� ¨ i ¢ � ¨
satisfy the relations ) ¨ Y ó�×%� Ä ¯ ¢ Y ó¥n c ×) i¨ Y ó�×%� Ä ¯ ¢ i�r Y óF� c ×� ² ¨ n�� ¨ �/Y ó�×��&¯ ¢ Y ó�×
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where ¯ ¢ ��� ¨ i ¢ nx� ¨ � � n T ó B�3 �������1> V c +'�»aó��5óF� � ¦ n T n c � B�3 �������%� c n�� h L
Some useful systems of coherent states can be defined [3] by using these relations, the con-
fluent hypergeometric functioná Õ r �*P! #"!��� c � cP "c%$ � cP»��P%� c � " h��$ � cP»��P%� c �A�*P%� � � " �&�$ � ã/ã^ã
and the modified Bessel function÷(' �)"!��� Ï � * q ' �+"w�9n * ' �)"!�, B.-?�0/!Ï�� 132 d 6 d * ' �+"w��� 45¢!6 á ì rh " î ' i�h ¢ó $#7 �0/?��óF� c � L

THEOREM 4.2. a) If �������1> V c +.�;a then V Y "w×ÍY�"F>öÐIa , whereY "!×�� d98 :;8 ff�< 45¢%6 á " ¢� ó $ �\n T � ¢ Y ó�×
is a system of coherent states in

ü
such thatÔ ",Y "w×�� c ) ¨ Y "!×��="lY "w× )7ó�S n cÏ T Ø?> S,�)@ d "w�MSK�)A
DB"!�/Y "w× Ô "lY»�2ë�L

b) If �������%� c nx� h then V Y "w×IY�"t>�ÐIa , whereY "w×�� � 7 � � ¦ n T � 45¢!6 á " ¢� ó $#7 �*ó~� � ¦ n T � Y ó�×
is a system of coherent states in

ü
such thatÔ "lY "w×�� á Õ r�� � ¦ n T  �Y "lY h � ) ¨ Y "w×��=",Y "w× )wó�S Ø?> SDC��)"!��Y "w× Ô "lY»�¼ë

where SDC��)"!�%� � ° h ¨ q eÏ 7 � � ¦ n T � ÷ < Ç!Êf q ¨ � � °»��S7°�S%E )wó�S " �¼° d  GF L(4.3)

Proof. [3] By denoting ò���nIH fe and using the integration by parts we getn cÏ T Ø > S,�)@ d "w��S,�JA
DK"!�/Y "w× Ô "lY»� n cÏ T 5¢ � ¢%L
M Ø 4á dON f< ° ¢ i ¢ L i9r� ó $ ó � $ �\n T � ¢ i ¢!L S;° Ø h Úá d  Cu ¢ q ¢ L v+F SDE P~Y ó�× Ô ó � Y

� n �T 5 ¢ · Ø 4á d N f< có $ · ° hn T ¹ ¢ °9S7° ¹ Y ó�× Ô ó%Y�� 5 ¢ · Ø 4á d qRQ ò ¢ó $ S7ò ¹ Y ó�× Ô ó%Y�� 5 ¢ Y ó�× Ô ó%Y;�(ëwL
Denoting SDCº�SC��*°��MS;°�SDE we get

Ø?> SDC��)"!��Y "!× Ô ",Y»� 45¢!6 á � Ï 7 � � ¦ n T �ó $#7 �5óF� � ¦ n T � · Ø 4á ° h ¢ C��5°»��S7° ¹ Y ó�× Ô ó%Y
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and hence, we must have the relation (Mellin transformation)� Ï 7 � � ¦ n T � Ø 4á ° h ¢ C��5°»��S7°à� 7 �*ó~� c � 7 �*ós� � ¦ n T � L(4.4)

The formula [4]

Ø 4á �!TOU iWV ÷ U qRV � � Ä T � T ¢ q�r S T � 7 � �YX ��ó�� 7 � �!Z ��ó��
for

T ��° h ,
X � rh ,

Z � ¦ n e h becomes´ Ø 4á ° h ¢ ÷ < Ç!Êf q ¨ � � °»�!° h ¨ q e S7°í� 7 �*óF� c � 7 �*ós� � ¦ n T � L(4.5)

The relations (4.4) and (4.5) lead to (4.3).
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