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DUALITY OF � -POLYNOMIALS, ORTHOGONAL ON
COUNTABLE SETS OF POINTS �
N. M. ATAKISHIYEV � AND U. KLIMYK �

Abstract. We review properties of � -orthogonal polynomials, related to their orthogonality, duality and connec-
tion with the theory of symmetric (self-adjoint) operators, represented by a Jacobi matrix. In particular, we show how
one can naturally interpret the duality of families of polynomials, orthogonal on countable sets of points. In order
to obtain orthogonality relations for dual sets of polynomials, we propose to use two symmetric (self-adjoint) opera-
tors, representable (in some distinct bases) by Jacobi matrices. To illustrate applications of this approach, we apply
it to several pairs of dual families of � -polynomials, orthogonal on countable sets, from the � -Askey scheme. For
each such pair, the corresponding operators, representable by Jacobi matrices, are explicitly given. These operators
are employed in order to find explicitly sets of points, on which the polynomials are orthogonal, and orthogonality
relations for them.
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”We mathematicians are particularly fond of duality theorems; translating mathemati-
cal statements from one category to another often gives us new and unexpected insight”,
M.Harris, ”Postmodern at an Early Age”, Notices of the American Mathematical Society,
Vol.50, No.7, p.792, 2003.

1. Introduction. It is well known that each family �����
	�� , �������������������� , of orthog-
onal polynomials in one variable corresponds to the determinate or indeterminate moment
problem. If a polynomial family corresponds to the determinate moment problem, then there
exists only one positive orthogonality measure � for these polynomials and they constitute
a complete orthogonal set in the Hilbert space �����
� � . If a family corresponds to the inde-
terminate moment problem, then there exists infinitely many orthogonality measures � for
these polynomials and these measures are divided into two parts: extremal measures and
non-extremal measures. If a measure � is extremal, then the corresponding set of polyno-
mials constitute a complete orthogonal set in the Hilbert space � � �
� � . If a measure � is not
extremal, then the corresponding family of polynomials is not complete in the Hilbert space� � �
� � (see [31]).

It is also well known that there exists a close relation of the theory of orthogonal polyno-
mials with the theory of symmetric (self-adjoint) operators, representable by a Jacobi matrix.
The point is that with each family of orthogonal polynomials one can associate a closed sym-
metric (or self-adjoint) operator ! , representable by a Jacobi matrix. If the corresponding
moment problem is indeterminate, then the operator ! is not self-adjoint and it has infinitely
many self-adjoint extensions. If the operator ! has a physical meaning, then these self-adjoint
extensions are especially important. These extensions correspond to extremal orthogonality
measures for the same set of polynomials and can be constructed by means of these measures
(see, for example, [15], Chapter VII, and [32]). If the family of polynomials corresponds
to the determinate moment problem, then the corresponding operator ! is self-adjoint and
its spectrum is determined by an orthogonality relation for the polynomials. Moreover, the
spectral measure for the operator ! is constructed by means of the orthogonality measure for
the corresponding polynomials (see [15], Chapter VII)."
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108



ETNA
Kent State University 
etna@mcs.kent.edu

DUALITY OF � -POLYNOMIALS, ORTHOGONAL ON COUNTABLE SETS OF POINTS 109

In section 2, we briefly review the relations between the theory of orthogonal polyno-
mials, the theory of operators, representable by a Jacobi matrix, and the theory of moment
problem. This information is basic for the exposition in further sections. In section 2, we also
discuss how one can naturally extend the conventional notion of duality to sets of polynomi-
als, orthogonal on countable sets of points.

In order to find orthogonality measures for dual sets of polynomials, we use two sym-
metric (or self-adjoint) operators, representable (with respect to different bases) by Jacobi
matrices. This approach is applied to several sets of dual � -orthogonal polynomials from the
Askey scheme.

Pairs of operators �#!$��%&� , employed for studying some sets of � -orthogonal polynomials
and their duals, belong to the discrete series representations of the quantum algebra ')(*�#+-,/.10 .2�
(see, for example, [6] and [11]). However, in order to facilitate ease of comprehending to a
larger number of readers we have not exploited this deep algebraic fact; that is, we exhibit ex-
plicit forms of these operators without using the representation theory of the quantum algebra'3(*�4+5,/.60 .�� . These pairs of operators are, in fact, a generalization of Leonard pairs, introduced
by P. Terwilliger [35] (for the definition and references see section 3).

When one considers dual sets of � -polynomials, orthogonal on countable sets of points,
then one member of these sets corresponds to the determinate moment problem and another
to the indeterminate moment problem. One of the two operators �#!7�-%8� (that is, the operator! ) for a given dual pair of sets of � -orthogonal polynomials corresponds to a three-term re-
currence relation for the set of polynomials, which corresponds to the determinate moment
problem. This operator is bounded and self-adjoint; moreover, it has the discrete spectrum.
We diagonalize this self-adjoint bounded operator and find its spectrum with the aid of the
second operator % , which corresponds to a � -difference equation for the same set of polyno-
mials. An explicit form of all eigenfunctions for the operator ! is found for each dual set
of polynomials, considered by us. They are expressed in terms of � -polynomials, which be-
long to the set, associated with the determinate moment problem. Since the spectrum of ! is
simple, its eigenfunctions form an orthogonal basis in the Hilbert space. One can normalize
this basis. This normalization is effected by means of the second operator % from the corre-
sponding pair. As a result of this normalization, two orthonormal bases in the Hilbert space
emerge: the canonical (or the initial) basis and the basis of eigenfunctions of the operator ! .
They are interrelated by a unitary matrix ' , whose entries 9 :�� are explicitly expressed in
terms of polynomials ; : �#	�� , corresponding to the determinate moment problem. Since the
matrix ' is unitary (and in fact it is real in our case), there are two orthogonality relations for
its elements, namely

(1.1) < � 9 :=� 9 :=>?� �A@ :=:�> �B< : 9 :�� 9 :��C> �D@ �C�E>GF
The first relation expresses the orthogonality relation for the polynomials ; : �
	/� , which cor-
respond to the determinate moment problem. So, the orthogonality of ' yields an algebraic
proof of orthogonality relation for these polynomials. In order to interpret the second rela-
tion, we consider the polynomials ;H:I�
	J�J� (where K�	���L is the set of points, on which the
polynomials are orthogonal) as functions of M . In this way one obtains one or two sets of
orthogonal functions, which are expressed in terms of a dual set of � -orthogonal polynomials
(which corresponds to the indeterminate moment problem). The second relation in (1.1) leads
to the orthogonality relations for these dual � -orthogonal polynomials.

Since this set of � -orthogonal polynomials corresponds to the indeterminate moment
problem, there are infinitely many orthogonality relations. Using the pair of operators �4!$�-%8�
and the notion of duality, one is able to find only one orthogonality relation (which is dual to
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the orthogonality relation for the corresponding set of polynomials, associated with the de-
terminate moment problem). Sometimes a measure, which corresponds to this orthogonality
relation, is extremal and sometimes it is not extremal. It depends on a concrete pair of dual
sets of polynomials.

Throughout the sequel we always assume that � is a fixed positive number such that�ON � . We use (without additional explanation) notations of the theory of special functions
and the standard � -analysis (see, for example, [21] and [3]). We shall also use the well-known
shorthand notation �4PQ.E����������P8R�S � � �UT �V�4P�.*S � � � �����W�#P�R8S � � � .

2. Orthogonality measures and duality.

2.1. Orthogonal polynomials, Jacobi matrices and the moment problem. Orthogo-
nal polynomials are closely related to operators represented by a Jacobi matrices. In what
follows we shall use only symmetric Jacobi matrices and the word ”symmetric” will be often
omitted. By a symmetric Jacobi matrix we mean a (finite or infinite) symmetric matrix of the
form

(2.1) XY� Z[[[[\
]6^ P ^ � � � �����P ^ ] . P . � � ������ P . ] � P � � ������ � P � ]1_ P _ ����������`�����a�����a�����`�����a�����

b�ccccd F
We assume below that all P8egf�h� , ij�h����������������� ; then P�e are real. Let � be a closed
symmetric operator on a Hilbert space k , representable by a Jacobi matrix X . Then there
exists an orthonormal basis l � , j�A����������������� , in k , such that�ml � �nP � l �Eo .Hp ] � l � pqP �8r .1l �8r .s�
where l r .=tA� . Let u 	/vw�yxAz�E{ ^ � � �
	/�Gl � be an eigenvector1 of � with an eigenvalue 	 , that
is, �|u 	/v3�D	}u 	/v . Then�|u 	/vw� z<�E{ ^W~ �J���#	��GP8�Qls�Eo . p������
	/� ] �Qls��p������
	/�GP8�8r . ls�8r .6� �A	 z<�E{ ^ �J���
	/�Gls� F
Equating coefficients of the vector l � , one comes to a recurrence relation for the coefficients� � �#	�� :
(2.2) P8�s�J�Co . �#	���p ] �W�J���#	���pqP8�8r . �J��r . �#	��w�A	C�����
	/� F
Since � r .*�#	��w�n� , by setting � ^ �#	��wtV� we see that �/.E�
	/�w�AP ^ 	�� ] ^*� P ^ . Similarly we can
find uniquely � � �
	/� , q�V�Q�-�Q������� . Thus, the relation (2.2) completely determines the coef-
ficients � � �
	�� . Moreover, the recursive computation of � � �#	�� shows that these coefficients� � �#	�� are polynomials in 	 of degree  . Since the coefficients P � and

] � are real (because
the matrix X is symmetric), all coefficients of the polynomials � � �#	�� themselves are real.

Well-known Favard’s characterization theorem for polynomials ;3���
	/� , ��y�Q���C�E��������� ,
of degree  states that if these polynomials satisfy a recurrence relation! � ; �Eo .C�
	���pq� � ; � �#	���p�� � ; �8r .E�#	��w�A	�; � �
	/�

1Observe that eigenvectors of � may belong to either the Hilbert space � or to some extension of � . (For
example, if ���O�/���#��������� and in place of � we have the operator ���6�2� , then the functions �1�  -¡ , which do not
belong to �/���4�������¢� , are eigenfunctions of ���6�1� .) Below we act freely with eigenvectors, which do not belong
to � , but this can be easily made mathematically strict.
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and the conditions !|�����Eo .¤£ � are satisfied, then these polynomials are orthogonal with re-
spect to some positive measure. It is clear that the conditions of Favard’s theorem are satisfied
for the polynomials � � �#	�� because in this case the requirements simply reduce to inequalitiesP �� £ � for ��A�Q���C���Q������� . This means that the polynomials � � �
	/� from (2.2) are orthogonal
with respect to some positive measure �3�#	�� . It is known that orthogonal polynomials admit
orthogonality with respect to either unique positive measure or with respect to infinitely many
positive measures.

The polynomials � � �
	�� are very important for studying properties of the closed symmet-
ric operator � . Namely, the following statements are true (see, for example, [15] and [32]):

I. Let the polynomials � � �
	/� are orthogonal with respect to a unique orthogonality mea-
sure � , ¥ � : �#	��
� � �#	��G¦��3�
	/�m�n@ :=� �
where the integration is performed over some subset (possibly discrete) of § , then the closed
operator � is self-adjoint. Moreover, the spectrum of the operator � is simple and coincides
with the set, on which the polynomials �/���
	/� are orthogonal (recall that we assume that all
numbers P8� are non-vanishing). The measure �3�
	/� determines the spectral measure for the
operator � (for details see [15], Chapter VII).

II. Let the polynomials �����#	�� are orthogonal with respect to infinitely many different
orthogonality measures � . Then the closed symmetric operator � is not self-adjoint and
has deficiency indices (1, 1), that is, it has infinitely many (in fact, one-parameter family
of) self-adjoint extensions. It is known that among orthogonality measures, with respect to
which the polynomials are orthogonal, there are so-called extremal measures (that is, such
measures that a set of polynomials K-� � �#	��6L is complete in the Hilbert space � � with respect
to the corresponding measure; see subsection 2.3 below). These measures uniquely determine
self-adjoint extensions of the symmetric operator � . There exists one-to-one correspondence
between essentially distinct extremal orthogonality measures and self-adjoint extensions of
the operator � . The extremal orthogonality measures determine spectra of the corresponding
self-adjoint extensions.

The inverse statements are also true:

I ¨ . Let the operator � be self-adjoint. Then the corresponding polynomials � � �
	�� are
orthogonal with respect to a unique orthogonality measure � ,¥ � : �#	��
� � �#	��G¦��3�
	/�m�n@ :=� �
where the integral is taken over some subset (possibly discrete) of § , which coincides with
the spectrum of � . Moreover, a measure � is uniquely determined by a spectral measure for
the operator � (for details see [15], Chapter VII).

II ¨ . Let the closed symmetric operator � be not self-adjoint. Since it is representable
by a Jacobi matrix (2.1) with P � f�©� , y�ª����������������� , it admits one-parameter family of
self-adjoint extensions (see [15], Chapter VII). Then the polynomials � � �
	/� are orthogonal
with respect to infinitely many orthogonality measures � . Moreover, spectral measures of
self-adjoint extensions of � determine extremal orthogonality measures for the polynomialsK-� � �#	��1L (and a set of polynomials K�� � �#	��6L is complete in the Hilbert spaces � � �#� � with
respect to the corresponding extremal measures � ).
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On the other hand, with the orthogonal polynomials �����#	�� , j�D�Q���C�6��������� , the classical
moment problem is associated (see [31] and [12]). Namely, with these polynomials (that
is, with the coefficients P � and

] � in the corresponding recurrence relation) real numbers« � , ¬������C�6��������� , are associated, which determine the corresponding classical moment
problem. (The numbers « � are uniquely determined by P � and

] � .) The definition of the
classical moment problem consists in the following. Let a set of real numbers « � , ®��Q���C�6��������� , be given. We are looking for a positive measure �3�#	�� , such that

(2.3)

¥ 	 � ¦��3�
	/�w� « � �¯��n�Q���C�6�����������
where the integration is taken over § . (In this case we deal with the Hamburger moment
problem.) There are two principal questions in the theory of moment problem:

(i) Does there exist a measure �3�
	�� , such that relations (2.3) are satisfied?
(ii) If such a measure exists, is it determined uniquely?

The answer to the first question is positive, if the numbers « � , j�D�Q���C�6��������� , are those,
which correspond to a family of orthogonal polynomials. Moreover, a measure �3�#	�� then
coincides with the measure, with respect to which these polynomials are orthogonal.

If a measure � in (2.3) is determined uniquely, then we say that we deal with the deter-
minate moment problem. In particular, it is the case when the measure � is supported on a
bounded set. If a measure, with respect to which relations (2.3) hold, is not unique, then we
say that we deal with the indeterminate moment problem. In this case there exist infinitely
many measures �3�#	�� for which (2.3) take place. Then the corresponding polynomials are
orthogonal with respect to all these measures and the corresponding symmetric operator � is
not self-adjoint. In this case the set of solutions of the moment problem for the numbers K « � L
coincides with the set of orthogonality measures for the corresponding polynomials K�� � �#	��6L .

Observe that not each set of real numbers « � , °�A����������������� , is associated with a set of
orthogonal polynomials. In other words, there are sets of real numbers « � , ��±�Q�������Q������� ,
such that the corresponding moment problem does not have a solution, that is, there is no
positive measure � , for which the relations (2.3) are true. But if for some set of real numbers« � , ²�³�Q�������Q������� , the moment problem (2.3) has a solution � , then this set corresponds
to some set of polynomials � � �#	�� , ¬������������������ , which are orthogonal with respect to
this measure � . There exist criteria indicating when for a given set of real numbers « � ,j�A�����C�6��������� , the moment problem (2.3) has a solution (see, for example, [31]). Moreover,
there exist procedures, which associate a collection of orthogonal polynomials to a set of real
numbers « � , ��n�Q���C�6��������� , for which the moment problem (2.3) has a solution (see, [31]).

Thus, we see that the following three theories are closely related:

(i) the theory of symmetric operators � , representable by a Jacobi matrix;
(ii) the theory of orthogonal polynomials in one variable;
(iii) the theory of classical moment problem.

2.2. Extremal orthogonality measures. To a set of orthogonal polynomials �����#	�� ,A�B�����C�6��������� , associated with an indeterminate moment problem (2.3), there correspond
four entire functions !´�#µ8� , �U�#µ8� , �I�4µ&� , ¶j�#µ8� , which are related to appropriate orthogonality
measures � for the polynomials by the formula

(2.4) ·��#µ8�3t !7�#µ8�}�¹¸H�#µ8�5�I�4µ&����#µ8�}�¹¸H�#µ8�G¶j�4µ&� � ¥ zr z ¦��3�
º5�µ»�°º
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(see, for example, [31]), where ¸H�#µ8� is any analytic function. Moreover, to each analytic
function ¸H�#µ8� (including cases of constant ¸H�#µ8� and ¸H�4µ&�m�y¼�½ ) there corresponds a single
orthogonality measure �3�
º5�)t²� ¾��#º5� and, conversely, to each orthogonality measure � there
corresponds an analytic function ¸ such that formula (2.4) holds. There exists the Stieltjes
inversion formula, which converts the formula (2.4). It has the form~ �3�#º-.3p���� pq�3�
º-.��¹��� � � ~ �3�#º ^ pq�&��pg�3�#º ^ �¹��� �

�À¿ÂÁÄÃÅ-Æ o ^|Ç � �È Á ¥qÉ4ÊÉ
Ë ~ ·��
º�pgÁÄÌC�}�¹·��
º��°ÁÄÌC� � ¦CºÎÍ F
Thus, orthogonality measures for a given set of polynomials � � �#	�� , ��Ï����������������� , in

principle, can be found. However, it is very difficult to evaluate the functions !´�#µ8� , ���4µ&� ,�I�#µ8� , ¶j�4µ&� . In [23] they are evaluated for particular example of polynomials, namely, for
the � r . -continuous Hermite polynomials Ð����
	}u � � . So, as a rule, for the derivation of orthog-
onality measures other methods are used.

The measures � ¾��#º5� , corresponding to constants ¸ (including ¸®�Ñ¼�½ ), are called
extremal measures (some authors, following the book [12], call these measures Ò -extremal).
All other orthogonality measures are not extremal.

The importance of extremal measures is explained by Riesz’s theorem. Let us suppose
that a set of polynomials �/���
	/� , ®�Ó�Q���C���Q������� , associated with the indeterminate mo-
ment problem, is orthogonal with respect to a positive measure � (that is, � is a solution of
the moment problem (2.3)). Let � � �#� � be the Hilbert space of square integrable functions
with respect to the measure � . Evidently, the polynomials �����
	/� belong to the space � � �
� � .
Riesz’s theorem states the following:

THEOREM 2.1. The set of polynomials �/���#	�� , ��n�Q���C���Q������� , is complete in the Hilbert
space � � �#� � (that is, they form a basis in this Hilbert space) if and only if the measure � is
extremal.

Note that if a set of polynomials �/���
	/� , A�B�����C�6��������� , corresponds to a determinate
moment problem and � is an orthogonality measure for them, then this set of polynomials is
also complete in the Hilbert space � � �#� � .

In particular, Riesz’s theorem 2.1 is often used in order to determine whether a certain
orthogonality measure is extremal or not. Namely, if we know that a given set of orthogonal
polynomials, corresponding to an indeterminate moment problem, is not complete in the
Hilbert space � � �
� � , where � is an orthogonality measure, then this measure is not extremal.

Note that for applications in physics and in functional analysis it is of interest to have
extremal orthogonality measures. If an orthogonality measure � is not extremal, then it is
important to find a system of orthogonal functions K*ÔC:´�
	��1L , which together with a given set
of polynomials constitute a complete set of orthogonal functions (that is, a basis in the Hilbert
space � � �
� � ). Sometimes, it is possible to find such systems of functions (see, for example,
[19]).

Extremal orthogonality measures have many interesting properties [31]:

(a) If ��¾��#	�� is an extremal measure, associated (according to formula (2.4)) with a num-
ber ¸ , then � ¾��
	/� is a step function. Its spectrum (that is, the set on which the corresponding
polynomials � � �
	/� , Õ�©����������������� , are orthogonal) coincides with the set of zeros of the
denominator ���4µ&���¹¸�¶j�4µ&� in (2.4). The mass, concentrated at a spectral point 	�Ö (that is, a
jump of ��¾��
	/� at the point 	QÖ ), is equal to �×xnz�E{ ^ u � � �
	QÖW��u � � r . .
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(b) Spectra of extremal measures are real and simple. This means that the correspond-
ing self-adjoint operators, which are self-adjoint extensions of the operator � , have simple
spectra, that is, all spectral points are of multiplicity 1.

(c) Spectral points of two different extremal measures ��¾��#	�� and ��¾ > �#	�� are mutually
separated.

(d) For a given real number 	 ^ , always exists a (unique) real value ¸ , such that the
measure � ¾��
	�� has 	 ^ as its spectral point. The points of the spectrum of ��¾��#	�� are analytic
monotonic functions of ¸ .

It is difficult to find all extremal orthogonality measures for a given set of orthogonal
polynomials (that is, self-adjoint extensions of a corresponding closed symmetric operator).
As far as we know, at the present time they are known only for one family of polynomials,
which correspond to indeterminate moment problem. They are the � r . -continuous Hermite
polynomials ÐJ���
	}u � � (see [23]).

If extremal measures � ¾ are known then by multiplying ��¾ by a suitable factor (de-
pending on ¸ ) and integrating it with respect to ¸ , one can obtain infinitely many continuous
orthogonality measures (which are not extremal).

2.3. Dual sets of orthogonal polynomials. A notion of duality for two families of
polynomials, orthogonal on finite sets of points, is well known. Namely, let �����
	�� , ¬��Q���C�6���������/�-Ò , be orthogonal polynomials with orthogonality relation

(2.5) Ø<:={ ^ � � �#	 : �Ù� �E> �#	 : �ÎÚ : �AÛ r .� @ �E�E> Ø< Ü { ^ Ú Ü �
where H�-�¨J�n�Q���C���Q���������-Ò , Ú Ü £ � is a jump of the orthogonality measure in the point 	 Ü ,
and ÛE�I� �ÝR { ^ �#P R r . � « R �
( P8R and « � are coefficients in the three-term recurrence relation 	�� � �
	����ÞP � � �Eo .E�
	��=p] � � � �
	���p « � � �8r .E�
	/� for the polynomials � � �
	/� ). Then the dual orthogonality relation is of
the form

(2.6) Ø<�E{ ^ � � �
	 : �
� � �#	 :=> �GÛ � �DÚ r .: @ :=:=> Ø< Ü { ^ Ú Ü �
where M°�-MO¨ß�h�Q�������Q�������/�-Ò (see, for example, [21], Chapter 7). If one considers the�J���#	J:�� as functions of  , in many cases these functions turn out to be either polynomials in 
or polynomials in à��# � , where à��
 � is some function of  . Then the polynomials ;3:ß�
 � T ��J���#	J:�� , M`�á�Q���C�6���������/�-Ò (respectively, ;�:I��à��
 �-� T �â�J���#	J:»� , Mã�h�Q���C�6���������/�-Ò )
are orthogonal polynomials of  (respectively of à��# � ), for which (2.6) is an orthogonality
relation. The polynomials ; : ��à��
 �-� , Mä�y�Q���C���Q�������/�-Ò , are called dual polynomials with
respect to the � � �#	 : � , Õ�©�����������������J��Ò . If the dual polynomials KW; : �4à��# �5�1L coincide
with the K�� � �#MO�1L , then the polynomials K-� � �
M��6L are called self-dual. For instance, Racah
polynomials and � -Racah polynomials both represent families of self-dual polynomials.

It is not obvious how to extend the notion of duality to polynomials, orthogonal on count-
able sets of points. In the case of polynomials, orthogonal on a finite set of points, the orthog-
onality (2.6) readily follows from the orthogonality (2.5). Namely, the orthogonality (2.5)



ETNA
Kent State University 
etna@mcs.kent.edu

DUALITY OF � -POLYNOMIALS, ORTHOGONAL ON COUNTABLE SETS OF POINTS 115

means that the real �#ÒåpA�W��æ¹�#ÒåpA�W� matrix �#P�:=�Q� Ø: 0 �C{ ^ with matrix elements

P :=� � « :=� � � �#	 : �1� « :=� �áç�Ú : Û � � Ø< Ü { ^ Ú Ü5è .-é � �
is orthogonal. Orthogonality of its columns is equivalent to the relation (2.5). Orthogonality
by rows for the matrix �#P :=� � Ø: 0 �E{ ^ yields the relation (2.6).

In the case, when we have orthogonality of polynomials on a countable set of points a
similar conclusion can be false. Let � � �#	�� , j�A�����C�6��������� , be a set of orthogonal polynomi-
als with orthogonality relation

(2.7)
z<:={ ^ � � �#	 : �s� �E> �#	 : �8Ú : �ÕÐ � @ �C�E> �

where H�5 ¨w�ê�Q���C�6��������� and Ð � are some constants. Again, one may consider � � �
	 : � as
functions of  . We are interested in the cases when these functions are polynomials either in or in some à��
 � . So the question arises: When the dual relation to (2.7), namely,

(2.8)
z<�E{ ^ �����
	J:��s�����
	�: > �5�QÐ r .� ��Ú r .: @�:=: > �

is an orthogonality relation for the dual polynomials ; : ��à��
 �-� T �g� � �
	 : � , M®�A�����C�6��������� ?
It follows from Riesz’s theorem 2.1 that this is the case, when the orthogonality measure
in (2.7) corresponds to determinate moment problem or when this measure corresponds to
indeterminate moment problem and it is extremal. Namely, in both these cases the matrix�#P :=� � z: 0 �E{ ^ with P :=� �V��Ð r .� Ú : � .-é � � � �#	 : � is orthogonal, that is,< : P&:=�=P8:=�E>��A@��E�E>G� < � P8:=��P8:=>?���n@�:=:=> F
It is natural to call the polynomials ; : �4à��# �5� dual to the polynomials � � �
M�� . The orthogo-
nality relation for them isz<�E{ ^ ; : �4à��# �5��; :=> ��à��
 �-�QÐ r .� �AÚ r .: @ :=:=>GF

However, very often a function à��
 � , such that ;H:I�4à��# �5� T ���J���
	�:�� , Mâ�y����������������� ,
are polynomials in à��# � , does not exist. Nevertheless, sometimes it turns out that there
are some M -independent

] � , ®�h�Q�������Q������� , such that ;�:I�4à��# �5� T � ] ���J���#	J:�� , Ma��Q���C���Q������� , are polynomials in à��# � for an appropriate function à��# � . When the orthogo-
nality measure in (2.7) corresponds to determinate moment problem or when this measure
corresponds to indeterminate moment problem and it is extremal, then we have the orthog-
onality relation (2.8) for the functions ë; : �4à��# �5� T �ä� � �
	 : � , which is equivalent to the
orthogonality relation z<�C{ ^ ; : ��à��
 �-��; :=> �4à��# �5� ] r �� Ð r .� �AÚ r .: @ :=:=>
for the polynomials ; : ��à��
 �-� . In this case it is also natural to call the polynomials ; : ��à��
 �-�w�] � � � �
	 : � dual to the orthogonal polynomials � � �#MO� .
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The situation can be sometimes more complicated. Namely, the orthogonality relation
for polynomials with a weight function, supported on a countable set of points, may be of the
form (for instance, for the big � -Jacobi polynomials)

(2.9)
z<:={ ^ � � �
	 : �s� �E> �#	 : �ÎÚ : p z<:={ ^ � � �
ì : �s� �C> �
ì : �8Ú ¨: �ÕÐ � @ �E�E>GF

Let
] � ,

] ¨� , à��
 � and à�¨×�
 � be such functions of  that ; : �4à��# �5� T � ] � � � �
	 : � and ;�¨: �4à�¨×�
 �-�T � ] ¨� �J���#ìC:»� are polynomials in à��
 � and à�¨×�
 � , respectively. When the orthogonality mea-
sure in (2.9) corresponds to determinate moment problem or when this measure corresponds
to indeterminate moment problem and it is extremal, then the matrix í îÂï1ð ñEò4óð}ô ñ�õ ËîÂï >ð ñ ò óð}ô ñ�õ ËEö , with two

infinite matrices (placed one over another) with matrix elements P�:����÷��Ð r .� Ú)�Q� .5é � �J���
	�:��
and P ¨:=� �V�4Ð r .� Ú ¨� � .-é �-�J���#ìC:»� , is orthogonal, that is,< : P :=� P :=�E> pø< : P ¨:=� P ¨:=� > �n@ �E�C> �

< � P8:=�=P&:=>Â�I�A@�:=:=>G� < � P ¨:=� P ¨:�>Â� �D@�:=:=>G� < � P8:���P ¨:=>Ä� �A� F
Orthogonality of columns of this matrix gives the orthogonality relation (2.9). The orthogo-
nality of rows gives orthogonality of the polynomials ;H:ß�4à ¨ �# �5� and ; ¨: ��à ¨ �
 �-� :z<�C{ ^ ; : ��à��
 �-��; :=> �4à��# �5� ] r �� Ð r .� �DÚ r .: @ :=:=> �

z<�E{ ^ ; ¨: �4à ¨ �# �5��; ¨: > ��à ¨ �# �5� ] ¨ r �� Ð r .� ��Ú ¨ r .: @ :=:=> �
z<�E{ ^ ;�:I��à��
 �-��; ¨:=> �4à ¨ �
 �-� ] r .� ] ¨ r .� Ð r .� �n� F

In this case both sets of the polynomials ; : �4à�¨×�
 �-� and ;$¨: �4à�¨×�# �5� are regarded on a par
as duals to the set of orthogonal polynomials � � �#	�� . (For the big � -Jacobi polynomials,
these two dual sets turn out to be polynomials of the same type, but with different values of
parameters; see section 4.) If the orthogonality relation (2.9) would contain ù terms, then we
had ù dual sets of functions.

Thus, if we have a set of polynomials K-� � �#	��6L , orthogonal on a countable set of points,
and they correspond to a determinate moment problem or to an indeterminate moment prob-
lem and the orthogonality measure is extremal, then one can find the corresponding orthogo-
nality measure for dual set of polynomials, if they exist.

The main goal of this review is to discuss a method of constructing orthogonality mea-
sures for a given set of polynomials and their duals in a straightforward manner. This method
is based on the use of two closed symmetric (self-adjoint) operators, representable (in some
bases) by Jacobi matrices. In the following sections, we shall illustrate how this method
works by considering families of � -orthogonal polynomials from the Askey scheme.
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Let us emphasize that there are already known theorems on dual orthogonality properties
of polynomials, whose weight functions are supported on an infinite set of discrete points (see,
for example, [20], [34], [16] and [24]). But it is essential that in most cases (especially in the
cases of � -polynomials) dual objects are represented by orthogonal functions. Therefore, one
still needs to make one step further in order to single out an appropriate family of dual poly-
nomials from these functions (in those cases when it turns out to be possible). We show that
this step can be made by choosing the

] � for the dual polynomials ; : ��à��
 �-� T � ] � � � �
	 : � .
Besides, when one considers some dual set with respect to a given family of orthogonal poly-
nomials, it is also necessary to investigate the problem of completeness for this dual object.
In our approach, based on the use of two particular operators, the problem of completeness is
resolved automatically.

2.4. List of dual sets of � -orthogonal polynomials. In this subsection, we give a list of
dual sets of � -polynomials, orthogonal on countable sets of points. Each of these dual pairs
will be considered in detail in the subsequent sections. In particular, orthogonality relations
for them will be explicitly derived.� -polynomials their duals

(determinate moment problem) (indeterminate moment problem)
little � -Jacobi dual little � -Jacobi
big � -Jacobi dual big � -Jacobi (two sets)

discrete � -ultraspherical dual discrete � -ultraspherical
big � -Laguerre � -Meixner (two sets)

alternative � -Charlier dual alternative � -Charlier
Al-Salam–Carlitz I � -Charlier (two sets)

little � -Laguerre Al-Salam–Carlitz II

Let us exhibit these dual pairs explicitly.

Little � -Jacobi polynomials and their duals. Little � -Jacobi polynomials, given by the
formula

(2.10) ������ú�S�PJ� ] u � � T � ��û . � � r/� �-P ] � �Eo . S3P � S � � � ú��1�
are orthogonal for � N P NV� r . and

] NV� r . . The dual little � -Jacobi polynomials, corre-
sponding to the polynomials (2.10) with the same values of the parameters P and

]
, are given

as ¦ � �#�3�
M��1S-P�� ] u � � T � _ û .E� � r�: �-P ] � :=o . � � r�� S ] � S � � � � � P��2�
where �3�
M���� � r�: pøP ] � :=o . . Since these polynomials are absent in the Askey � -scheme
[27], we give the orthogonality relation for these polynomials:z<:={ ^ �5�)��P ] � � :=o . ���#P ] � � ] � S � � :�G�)�¹P ] � �2�#P � � � S � �G: P : � :=ü ¦ � �
�3�#MO�-��¦ �C> �
�3�#MO�-�

� �#P ] � � S � � z�#P � S � � z � � S � � � �#P � � r/�� ] S � �5� @ �E�E>5F
The polynomials ¦ � �
�3�#MO�-� correspond to the indeterminate moment problem and the ortho-
gonality measure here is extremal. The duality of these polynomials to the set of the little� -Jacobi polynomials was first observed in [6] (see also [8]).
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Big � -Jacobi polynomials and their duals. Big � -Jacobi polynomials, given by the formula

(2.11) ;����4ú S-P�� ] � « S � � T � _ û�� � � r/� �-P ] � �Eo . ��ú S3P � � «2� S � � � �1�
are orthogonal for � N P�� ] ND� r . and « £ � . The dual big � -Jacobi polynomials, associated
with the polynomials (2.11) with the same values of the parameters P�� ] � « , are given as

(2.12) ¶����#�3�
M��1S�PJ� ] � « u � � T � _ û�� � � r�: �-P ] � :=o . � � r�� S3P � �-P ] � � « S � �-P � �Eo . � « �2�
where �3�#MO�»� � r/: pAP ] � :=o . . The second set of dual polynomials with respect to (2.11)
is obtained from the polynomials (2.12) by the replacements P�� ] � «�ý ] ��P��-P ] � « , respec-
tively. Again, since these polynomials are absent in the � -Askey scheme, we give here the
orthogonality relation for the polynomials (2.12):z<:={ ^ �G�)�¹P ] � � :=o . �2�#P � ��P ] � �-P ] � � « S � � :�G�)�¹P ] � �2� ] � � «2� � � S � �G: �G� « � P8� : � : î :¤r . ò é � ¶ � �
�3�#MO�-��¶ �E> �#�3�
M��5�

� �#P ] � � � « � PJS � � z� ] � � «�� S � � z �#P � � « � � S � � ��4P � ��P ] � � « S � �G� � � @ �C�E>GF
The polynomials ¶ � �
�3�#MO�-� correspond to the indeterminate moment problem and the or-
thogonality measure here is not extremal.

Discrete � -ultraspherical polynomials and their duals. Discrete � -ultraspherical polyno-
mials �´îÂï2ò� �
	 S � � , P £ � , are a particular case of the big � -Jacobi polynomials� îÂï ü ò� �
	�S � �w�A;����#	 T P��-P����þPJS � �H� _ ûJ� � � r�� �-P � � �Eo . �5	�S3P � ���þP � S � � � � F
An orthogonality relation for � îÂï1ò� �#	 S � � follows from that for the big � -Jacobi polynomials
and it holds for positive values of P . We can consider the polynomials �¢îÂï1ò� �
	�S � � also for
other values of P . In particular, they are orthogonal for imaginary values of P and 	 . In order
to dispense with imaginary numbers in this case, the following notation is introduced:

(2.13) ÿ� î ï ü ò� �#	 S � � T �V�G�)ÁÙ� � � î r ï ü ò� �
ÁÂ	 S � �m�V�5�)Á � � ; � �#ÁÄ	�S5Á P��5Á PJ���)ÁÂP�S � �1�
The orthogonality relation for them is of the formz< Ü { ^ �5�þP � � S � � � Ü � Ü� � � S � � � Ü ÿ�´îÂï2ò� R o . � � P � Ü o . S � �}ÿ�´î ï1ò� R > o . � � P � Ü o . S � �

� �G�þP � _ S � � � z� � S � � � z �G�mp�P � ��P � R o .�G�mp�P ��� R o _ � � � S � � � R o .�5�þP � S � � � R o . � î R o � ò×î � R o . ò @ R2R > F
The formula¶ îÂï ü ò� �
�3�
	�S-P � ��u � � T �A¶ � �
�3�
	�S-P � �1S-P���PJ���þP�u � � T � _ û � Ç � r�� �-P � � �Wo . � � r��P � ���þP � ���� � ��� � �Eo . Íg�

where �3�#	 S�P � �w� � r�� p�P � � �Wo . and ¶ � �#�3�
	�S-P � �-� are dual big � -Jacobi polynomials, gives
dual discrete � -ultraspherical polynomials. They correspond to indeterminate moment prob-
lem. The dual orthogonality relation for them (when P �$£ � ) follows from the orthogonality
relation for dual big � -Jacobi polynomials.
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For the polynomials ¶jîÂï ü ò� �
�3�
	�S-P � ��u � � with imaginary P we haveÿ¶ îÂï ü ò� �
�3�#	 S��þP � ��u � � T �A¶ � �
�3�#	 S��þP � �1S-ÁÂP��-ÁÂP����)Á P�u � �
T � _ û�� Ç � r�� ���þP � � ��o . � � r/�ÁÂP � ���)Á P � ���� � ��� � �Eo . Í F

These polynomials are dual to the polynomials ÿ�´îÂï ü ò� �
	 S � � from (2.13). In this case there are
also infinitely many orthogonality relations, which are considered in section 5.

Big � -Laguerre polynomials and � -Meixner polynomials. Big � -Laguerre polynomials,
given by the formula ;����4ú S-P�� ] S � � T � _ ûJ� � � r/� �-����ú SHP � � ] � S � � � �2�
are orthogonal for � N P NÕ� r . and

] N � . The dual polynomials coincide with � -Meixner
polynomials X � � � r�� S�P���� ] � PJS � � and X � � � r�� S ] ���þP � ] S � � , whereX � � � r�� S-P�� ] S � � T � � û .C� � r/� � � r�� S3P � S � ��� � �Eo . � ] � F
We obtain orthogonality relations for the � -Meixner polynomials X��/� � r�� S-P�� ] S � � with

] N �
and

] £ � in section 6.
The duality relation between big � -Laguerre polynomials and � -Meixner polynomials

was studied in [2]. The appearance of � -Meixner polynomials as a dual family with respect
to the big � -Laguerre polynomials is quite natural because the transformation �»ýá� r . inter-
relates these two sets of polynomials, that is,X � �
	�S ] � « S � r . �3�Ï� � r/� � ] S � � � ; � � � 	 � ] S�� � ] ��� « S � � F
Alternative � -Charlier polynomials and their duals. Alternative � -Charlier polynomials
are given by the formula � � ��ú�S�P�S � � T � � û .*� � r/� ���þP � � S3�QS � � � úJ� F
They are orthogonal for P £ � . Their duals are the polynomials¦ � �
�3�
M��1S�P�S � � T � _ û ^ � � r/: ���þP � : � � r/� S)�¹S � ��� � � � P��/� �3�
M�� T � � r�: ��P � : �
which correspond to the indeterminate moment problem (see [10]). They are also absent in
the � -Askey scheme. The orthogonality relation for these polynomials isz<:={ ^ �5�mpqP � � : �5P :�G�þP � : S � � z � � S � � : � : î _ :¤r . ò é � ¦&���
�3�#MO�-�G¦&�E>5�#�3�
M��5�m� � � S � �G�P � � � î �Eo . ò é � @��E�E>G��P £ � F
Al-Salam–Carlitz I polynomials and � -Charlier polynomials. Al-Salam–Carlitz I polyno-
mials, given by the formula' îÂï1ò� �
	�S � � T �V�5�þP8� � � � î �8r . ò é � � û .*� � r�� �-	 r . S}�QS � S�	 � � P��2�
are orthogonal for P N � . There are two sets of dual polynomials [25]. They coincide with
two sets of � -Charlier polynomials � � � � r�� S��þP�S � � and � � � � r�� S���� � P�S � � , where� � � � r�� SQP�S � � T � � û .C� � r/� � � r�� S}�QS � S�� � �Eo . � P�� F
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Little � -Laguerre polynomials and Al-Salam–Carlitz II polynomials. The little � -Laguerre
polynomials are given by the formula�J���#	 S�P/u � � T � �Wû . � � r/� �-��S�P � S � S � 	��3�Ï�#P r . � r�� S � � r .� ��û ^ � � r�� �-	 r . Sw��S � S5	 � P�� F
They are orthogonal for � N P N±� r . . The dual polynomials with respect to them are the
Al-Salam–Carlitz II polynomials (see [7])	 îÂï1ò� �#	 S � � T �Ï�G�þP�� � � r/� î �8r . ò é � �Wû ^ � � r�� �5	�Sm��S � S � � � P�� F

3. Little � -Jacobi polynomials and their duals.

3.1. Pair of operators �4%W.E��
 � . Let k be a separable complex Hilbert space with an
orthonormal basis Ô � , °�y�Q���C���Q������� . The basis determines uniquely a scalar product in k .
In order to deal with a Hilbert space of functions on a real line, we fix a real number P such
that � N P Nå� r . and realize our Hilbert space in such a way that basis elements Ô � are
monomials: Ô � tÕÔ � �
	/� T � « � 	 � �
where « ���ªP r/� é � �#P � S � � .5é ��� � S � � .-é �� �¯j�n�Q�������Q�-�Q������� F
Thus, in fact, our Hilbert space depends on the number P and can be denoted as k ï .We fix two real parameters P and

]
such that

] N � r . , � N P N � r . , and define
on k`t k ï two operators. The first one, denoted as �� Ë and taken from the theory of
representations of quantum group 'm(*�4+5,�.60 .�� , acts on the basis elements as

(3.1) � � Ë Ô � �Ï� � P�� .-é � � � Ô �/F
The second operator, denoted as %s. , is given by the formula

(3.2) % . ÔE�I�V�þP8�QÔ*�Eo . �¹P8�8r . Ô*�8r . p ] �QÔ*�/�
where P8���AP .-é � � �Eo .-é � � �G�)� � �Eo . �2�5�þ��P � �Eo . �2�5�)� ] � �Eo . ���G�þ�¹P ] � �Eo . ��5�)��P ] � � �Eo � � � �G�)�¹P ] � � �Eo . �2�5�þ�¹P ] � � �Eo _ � �

] � � � ��)��P ] � � �Eo . Ç �5�þ�¹P � �Co . ���G�)�¹P ] � �Eo . ��)��P ] � � �Eo � pqP �G�)� � � �2�5�þ� ] � � ��)�¹P ] � � � Í F
The expressions for P � and

] � are well defined. The operator %W. is symmetric.
Since P � ý � and

] � ý � when  ý ½ , the operator %s. is bounded. Therefore,
we assume that it is defined on the whole space k . For this reason, %*. is a self-adjoint
operator. Let us show that %s. is a Hilbert–Schmidt operator (we remind that a bounded self-
adjoint operator is a Hilbert–Schmidt operator if a sum of its squared matrix elements in
an orthonormal basis is finite; the spectrum of such an operator is discrete, with a single
accumulation point at � ). For the coefficients P � and

] � from (3.2), we haveP �Eo . � P � ýÞ� � ] �Co . � ] � ýÞ���������  ý ½ F
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Therefore, for the sum of all matrix elements of the operator % . in the canonical basis we
have x � �4�CP8��p ] �Q� N ½ . This means that % . is a Hilbert–Schmidt operator. Thus, the
spectrum of %�. is discrete and has a single accumulation point at 0. Moreover, a spectrum of%�. is simple, since %W. is representable by a Jacobi matrix with P � f�A� (see [15], Chapter VII).

To find eigenfunctions �����
	/� of the operator %W. , %W.������#	��w�nú����/�#	�� , we set

�����#	���� z<�E{ ^�� � ��úJ�-Ô � �
	/� F
Acting by the operator %W. upon both sides of this relation, one derives thatz<�E{ ^ � ���4ú����#P8��ÔE�Eo . p�P8�8r . Ô*�8r . � ] �QÔ*�Q�3�V��ú z<�C{ ^ � ����úJ�-Ô*�/�
where P � and

] � are the same as in (3.2). Collecting in this identity all factors, which multiplyÔ � with fixed  , one derives the recurrence relation for the coefficients � � �4ú�� :
� �Co .*��úJ�5P � p � �8r .E��úJ�5P �8r .�� � � ��úJ� ] � �÷��ú � � ��úJ� F

The substitution

� � �4ú��w� Ç �4P ] � �-P � S � � � �G�þ�¹P ] � � �Co . �� ] � � � S � �G�»�G�)�¹P ] � �2�4P � � � Í .5é � � ¨� �4ú��
reduces this relation to the following one! � � ¨�Eo . ��úJ��p�� � � ¨�8r . �4ú��}�D�#! � p�� � � � ¨� �4ú��w�²��ú � ¨� ��úJ�
with ! � � � � �G�)�¹P � �Co . ���G�þ�¹P ] � �Eo . ��G�)�¹P ] � � �Eo . ���G�)�¹P ] � � �Co � � � � � � P � � �G�)� � � �2�5�þ� ] � � ��G�þ�¹P ] � � � ���G�)�¹P ] � � �Co . � F
This is the recurrence relation for the little � -Jacobi polynomials

(3.3) �����4ú S-P�� ] u � � T � �Wû . � � r/� �-P ] � �Co . S3P � S � � � ú��
(see, for example, formula (7.3.1) in [21]). Therefore, � ¨� �4ú��w�¹� � �4ú S-P�� ] u � � and

(3.4) � ����úJ�w� Ç �#P ] � ��P � S � � � �5�)��P ] � � �Eo . �� ] � � � S � � � �5�)��P ] � ���#P � � � Í .-é � �J����ú�S�P�� ] u � � F
For the eigenfunctions �����
	/� we have the expression

� � �
	/�w� z<�E{ ^ Ç �4P ] � �-P � S � � � �G�)�¹P ] � � �Eo . �� ] � � � S � � � �G�)�¹P ] � �2�#P � � � Í .5é � �����4ú S-P�� ] u � �QÔ*���#	��
(3.5) � z<�E{ ^ P r/� é � �#P � S � � �� � S � � � Ç �#P ] � S � � � �G�)�¹P ] � � �Eo . �� ] � S � � � �G�)�¹P ] � �2�4P � � � Í .5é � �����4ú S-P�� ] u � �G	 � F
Since the spectrum of the operator %s. is discrete, only a discrete set of these functions belongs
to the Hilbert space k . This discrete set of functions determines a spectrum of %E. .
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Now we look for a spectrum of the operator % . and for a set of polynomials, dual to the
little � -Jacobi polynomials. To this end we use the action of the operator


 T �Ï� � P�� .-é � � r � Ë pn� � P�� r .5é � P ] � � Ë o .
upon the eigenfunctions � � �#	�� , which belong to the Hilbert space k . In order to find how this
operator acts upon these functions, one can use the � -difference equation

(3.6) � � r/� p�P ] � �Eo . �s� � ��úJ�w�nP�ú r . � ] � úI�ø�W�s� � � � ú���p�ú r . �5�mpqP��s� � �4ú��p»ú r . �4ú¢���s�s� � � � r . ú��
for the little � -Jacobi polynomials � � �4ú��)tø� � ��ú�S�PJ� ] u � � (see, for example, formula (3.12.5)
in [27]). Multiply both sides of (3.6) by ¦ � Ô � �
	/� and sum up over  , where ¦ � are the
coefficients of �����4ú S-P�� ] u � � in the expression (3.4) for the � ���4ú�� . Taking into account the
first line in formula (3.5) and the fact that 
 ÔE���
	��=�¬� � r/� p�P ] � �Eo . �-Ô*���
	/� , one obtains the
relation

(3.7) 
������
	/�w�AP�ú r . � ] � ú¢���s����( ���#	�� p�ú r . �5�mpqP������J�#	���p�ú r . �4ú��ø�W�!� (#" Ê � �
	�� F
It will be shown in the next section that the spectrum of the operator % . consists of the

points ú � � � , q�V����������������� . Thus, we see that the pair of the operators % . and 
 form a
Leonard pair (see [35], where P. Terwilliger has actually introduced this notion in an effort to
interpret the results of D. Leonard [28]; see also [37], which contains a review on how one
can employ Leonard pairs to describe properties of orthogonal polynomials). We remind to
the reader that a pair of operators $$. and $ � , acting on a linear space % , is a Leonard pair if

(a) there exists a basis in % , with respect to which the operator $7. is diagonal, and the
operator $ � has the form of a Jacobi matrix;

(b) there exists another basis of % , with respect to which the operator $ � is diagonal, and
the operator $$. has the form of a Jacobi matrix.

Properties of Leonard pairs of operators in finite dimensional spaces are studied in detail.
Leonard pairs in infinite dimensional spaces are more complicated and only some isolated
results are known in this case (see, for example, [36]).

3.2. Spectrum of % . and orthogonality of little � -Jacobi polynomials. The aim of
this section is to find, by using the Leonard pair �4% . ��
 � , a basis in the Hilbert space k , which
consists of eigenfunctions of the operator % . in a normalized form, and to derive explicitly
the unitary matrix ' , connecting this basis with the canonical basis Ô�� , ��ê����������������� , ink . This matrix directly leads the orthogonality relation for the little � -Jacobi polynomials.

Let us analyze a form of spectrum of the operator %s. . If ú is a spectral point of the
operator %�. , then (as it is easy to see from (3.7)) a successive action by the operator 
 upon
the function (eigenfunction of %s. ) ��� leads to the functions

� ( ð � �êM³�A���6¼´���6¼»���������J�
which are eigenfunctions of %W. with eigenvalues � : ú . However, since %W. is a trace class
operator, not all these points can belong to the spectrum of %*. , since � r/: ú ý ½ whenM ý ½ if únf�¬� . This means that under a successive action by %*. upon ��� , on some step
the last term in (3.7) must vanish. Thus, under the action by %*. upon ��� > for some úJ¨ the
coefficient úJ¨C�°� of � ( " Ê � > �#	�� in (3.7) vanishes. Clearly, it vanishes when ú�¨/�²� . Moreover,
this is the only possibility for the coefficient of � ( " Ê � > �
	�� in (3.7) to vanish, that is, the point
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DUALITY OF � -POLYNOMIALS, ORTHOGONAL ON COUNTABLE SETS OF POINTS 123ú��V� is a spectral point for the operator % . . Let us show that the corresponding eigenfunction� . �#	���t&� ( Ë �#	�� belongs to the Hilbert space k .
Observe that by formula (II.6) of Appendix II in [21], one has�J���5�CS�PJ� ] u � �}� ��û . � � r/� �-P ] � �Eo . S3P � S � � � �3� � ] r . � r�� S � � ��4P � S � � � �4P ] � �Eo . � � F

Since � ] r . � r/� S � �G�¢�V� ] � S � �G���5� ] r . � r . � � � r�� î �8r . ò é � , this means that� � �G�CS�P�� ] u � �H� � ] � S � � ��4P � S � �G� �5�þP8� � � � î �Co . ò é � F
Therefore, due to (3.5) for the scalar product '(�s.C�
	��2� �W.C�
	/�5v we have

'(� . �#	��2� � . �
	/�5vm� z<�E{ ^ �#P ] � �-P � S � �G�»�G�)�¹P ] � � �Co . �� ] � � � S � � � �G�þ�¹P ] � �2�4P � � � � �� �G��S-P�� ] u � �
(3.8) � z<�E{ ^ �#P ] � � ] � S � �5�¤�5�þ�¹P ] � � �Eo . ��#P � � � S � � � �5�)��P ] � � P � � �Eü � �#P ] � �ES � � z�#P � S � � z F
The last leg of this equality is obtained from formula (9.17) of Appendix. Thus, the series
(3.9) converges and, therefore, the point ú��¬� actually belongs to the spectrum of the oper-
ator %�. .

Let us find other spectral points of the operator %s. (recall that a spectrum of %W. is discrete).
Setting ú��÷� in (3.7), we see that the operator 
 transforms � ( Ë �
	/� into a linear combination
of the functions � ( �
	/� and � ( Ë �
	�� . Moreover, � ( �
	�� belongs to the Hilbert space k , since the
series

'(��(*�)��(�v3� z<�E{ ^ �#P ] � ��P � S � � � �G�)�¹P ] � � �Eo . �� ] � � � S � �G�»�G�)�gP ] � ���#P � � � � �� � � S-P�� ] u � � N ½
is majorized by the corresponding series for � ( Ë �#	�� , considered above. Therefore, � ( �#	��
belongs to the Hilbert space k and the point � is an eigenvalue of the operator %E. . Similarly,
setting ú�� � in (3.7), we find that � ( ü �
	/� is an eigenfunction of %s. and the point � � belongs
to the spectrum of %W. . Repeating this procedure, we find that �s( ñ �
	/� , y�³����������������� , are
eigenfunctions of %W. and the set � � , ��n�Q���C���Q������� , belongs to the spectrum of %s. . So far, we
do not know yet whether other spectral points exist or not.

The functions �W( ñ �
	�� ,  �n�Q�������Q������� , are linearly independent elements of the space k
(since they correspond to different eigenvalues of the self-adjoint operator %E. ). Suppose that
values � � , ����Q���C�6��������� , constitute a whole spectrum of the operator %s. . Then the set of
functions � ( ñ �
	�� , °�y�Q�������Q������� , is a basis in the Hilbert space k . Introducing the notation* � T �+� ( ñ �#	�� , j�A�����C�6��������� , we find from (3.7) that


 * � �V�þP � r�� �G�)� ] � �Eo . � * �Eo .mp � r/� �#P»pD�s� * � � � r/� �G�)� � � � * �8r . F
As we see, the matrix of the operator 
 in the basis

* � , ø�ê����������������� , is not symmetric,
although in the initial basis Ô � , ²�â�Q���C���Q������� , it was symmetric. The reason is that the
matrix !ÕtV�#P8:=��� with entriesP :��UT � � : � � � �1� M��5��A�����C�6���������/�
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where � :ß� � � � are the coefficients (3.4) in the expansion � ( ñ �
	���� x : � :ß� � � �-Ô*:ß�
	�� , is
not unitary. (This matrix connects the bases K*ÔC�JL and K * ��L .) It is equivalent to the statement
that the basis

* �DT �,��( ñ �
	�� , Õ�³�Q���C�6��������� , is not normalized. To normalize it, one has
to multiply

* � by corresponding numbers « � (which are not known at this moment). Letë* � � « � * � , n�å����������������� , be a normalized basis. Then the matrix of the operator 
 is
symmetric in this basis. Since 
 has in the basis K�ë* � L the form


°ë* � �V� « r .�Eo . « � P � r�� �G�)� ] � �Eo . ��ë* �Eo .3p � r/� �#P�pD�s�më* � � « r .�8r . « � � r�� �5�)� � � ��ë* ��r .E�
then its symmetricity means that« r .�Eo . « � P � r�� �5�)� ] � �Eo . �3� « r .� « �Eo . � r���r . �5�)� � �Co . ���
that is, « � � « �8r . � � P � �G�)� ] � � � � �G�)� � � � . Therefore,« � � « �#P � � � é � � ] � S � � .-é ��� � S � � .5é �� �
where « is a constant.

Now instead of the expansion (3.5) we have the expansions

(3.9) ë� ( ñ �
	��mt®ë* ���#	��w� < : « � � :´� � � �5ÔE:´�#	��1�
which connect two orthonormal bases in the space k . This means that the matrix � ëPJ:��Q� ,M��5j�D�Q���C�6��������� , with entries

(3.10) ëP8:=��� « � � :I� � � �
� « Ç �4P � � �8r�: � ] � S � � �� � S � �5� �4P ] � �-P � S � � : �G�þ�¹P ] � � :�o . �� ] � � � S � �5:��5�)��P ] � � Í .-é � � : � � � S�PJ� ] u � �1�

is unitary, provided that the constant « is appropriately chosen. In order to calculate this
constant, we use the relation xÕz:�{ ^ u ëP :=� u � �÷� for j�A� . Then the sum in this relation is a
multiple of the sum in (3.8) and, consequently,« � �#P � S � � .5é �z�4P ] � S � � .5é �z F
Thus the « � in (3.9) and (3.10) are real and equal to« ��� Ç �4P � S � � z�#P ] � S � � z � ] � S � �G� �#P � � �� � S � � � Í .5é � F

The matrix � ëP :�� � with entries (3.10) is orthogonal, that is,

(3.11) < � ëP :=� ëP : > � �n@ :=: > �ã< : ëP :=� ëP :=� > �A@ �E� > F
Substituting into the first sum over  in (3.11) the expressions for ëP :=� , we obtain the identity

(3.12)
z<�E{ ^ � ] � S � � � �#P � � �� � S � �5� � : � � � S-P�� ] u � �*� :=> � � � S�P�� ] u � �
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DUALITY OF � -POLYNOMIALS, ORTHOGONAL ON COUNTABLE SETS OF POINTS 125� �4P ] � �ES � � z�#P � S � � z �G�)�¹P ] � �2�4P � � : � ] � � � S � �G:�G����P ] � � :=o . ���4P ] � �-P � S � � : @�:=:=>8�
which must yield the orthogonality relation for the little � -Jacobi polynomials. An only gap,
which appears here, is the following. We have assumed that the points � � , ��Ï����������������� ,
exhaust the whole spectrum of the operator % . . Let us show that this is the case.

Recall that the self-adjoint operator % . is represented by a Jacobi matrix in the basis Ô�� ,��ê����������������� . According to the theory of operators of such type (see, for example, [15],
Chapter VII; a short explanation is given in section 2), eigenfunctions �-� of %W. are expanded
into series in the monomials Ô � ,  �Õ�Q���C�6��������� , with coefficients, which are polynomials inú . These polynomials are orthogonal with respect to some positive measure ¦��3�4ú�� (moreover,
for self-adjoint operators this measure is unique). The set (a subset of § ), on which the
polynomials are orthogonal, coincides with the spectrum of the operator under consideration
and the spectrum is simple. Let us apply these assertions to the operator %E. .

We have found that the spectrum of %s. contains the points � � , n�³�Q�������Q������� . If the
operator %W. had other spectral points 	 , then on the left-hand side of (3.15) there would be
other summands �.��/J�J:ß�
	 R S�PJ� ] u � �s�J:=>G�#	 R S�PJ� ] u � � , corresponding to these additional points.
Let us show that these additional summands do not appear. To this end we set Mä�²M ¨��²�
in the relation (3.12) with the additional summands. Since � ^ �
	�S-P�� ] u � ��� � , we have the
equality z<�E{ ^ � ] � S � �G���4P � � �� � S � � � p < R �0��/|� �#P ] � � S � � z�4P � S � � z F
According to the � -binomial theorem (see formula (1.3.2) in [21]), we have

(3.13)
z<�E{ ^ � ] � S � � � �#P � � �� � S � �5� � �4P ] � � S � � z�#P � S � � z F

Hence, x R �0��/7�y� and this means that additional summands do not appear in (3.12) and it
does represent the orthogonality relation for the little � -Jacobi polynomials.

By using the operators % . and 
 , which form a Leonard pair of infinite dimensional sym-
metric operators, we thus derived the orthogonality relation for little � -Jacobi polynomials.

The orthogonality relation for the little � -Jacobi polynomials is given by formula (3.12).
Due to this orthogonality, we arrive at the following statement: The spectrum of the operator%�. coincides with the set of points � � , ��±�Q���C�6��������� . The spectrum is simple and has one
accumulation point at 0.

3.3. Dual little � -Jacobi polynomials. Now we consider the second identity in (3.11),
which gives the orthogonality relation for the matrix elements ëP :=� , considered as functions
of M . Up to multiplicative factors these functions coincide with

(3.14) ·����#	 S�PJ� ] u � � T � �Wû . �
	 ��P ] � � 	�SwP � S � � � �Eo . �1�
considered on the set 	21 K � r�: uÎM®�n�Q�������Q�������6L . Consequently,ëP8:=�I� Ç �4P � S � � z�#P ] � S � � z � ] � S � �G�� � S � � � �4P � � �8r�: �#P ] � ��P � S � �G:��G�)�¹P ] � � :=o . �� ] � � � S � � : Í .-é � ·���� � r�: S-P�� ] u � �
and the second identity in (3.11) gives the orthogonality relation for the functions (3.14):

(3.15)
z<:={ ^ �G�þ�¹P ] � � :�o . ���#P ] � ��P � S � � :�G�)�¹P ] � �2�#P � � : � ] � � � S � �5: · � � � r�: S-P�� ] u � �Q· �E> � � r/: S�PJ� ] u � �
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126 N. M. ATAKISHIYEV AND A. U. KLIMYK� �#P ] � �CS � � z�4P � S � � z � � S � �5���#P � � r��� ] � S � � � @��E�C> F
The functions · � �
	�S-P�� ] u � � can be represented in another form. Indeed, one can use the
relation (III.8) of Appendix III in [21] in order to obtain that· � � � r/: S�P�� ] u � �3� � ] r . � r�: S � � :�#P � S � �G: �4P ] � :�o . � : _ û .C� � r�: �-P ] � :=o . � � r/� S ] � S � � � � � P8�
(3.16) � �G���s� : � ] � S � � :�#P � S � �5: P : � : î :=o . ò é � _ û .E� � r�: �-P ] � :=o . � � r�� S ] � S � � � � � P�� F
The basic hypergeometric function

_ û . in (3.16) is a polynomial of degree  in the variable�3�
M�� T � � r/: p�P ] � :=o . , which represents a � -quadratic lattice; we denote it as

(3.17) ¦ � �
�3�
M��1S�P�� ] u � � T � _ û .E� � r/: ��P ] � :�o . � � r/� S ] � S � � � � � P8� F
Then formula (3.15) yields the orthogonality relationz<:={ ^ �G�)�¹P ] � � :�o . �2�4P ] � � ] � S � � :�5�)��P ] � ���#P � � � S � � : P : � :=ü ¦����#�3�
M��5��¦&� > �
�3�
M��5�
(3.18) � �#P ] � � S � � z�4P � S � � z � � S � � � �#P � � r/�� ] � S � � � @��E� >
for the polynomials (3.17). We call the polynomials ¦ � �
�3�#MO�2S-P�� ] u � � dual little � -Jacobi
polynomials.

Note that these polynomials can be expressed in terms of the Al-Salam–Chihara polyno-
mials 3 ���
	�S-P�� ] u � �3� �#P ] S � � �P � _ û�� Ç � r�� �-P8µJ�-P8µ r .P ] �-� ���� � � � Í �¯	U� �� �#µ¤p�µ r . �2�
with the parameter � £ � . An explicit relation between them is¦ � �#�3�
	��2S � �54 ��� �54 � � u � �3� � � î �8r . ò é ��5� � � � �5� �-4 � S � �G� 3 � � 4 �3�#	�� � ��S 4 � � u � r . � F
Ch. Berg and M. E. H. Ismail studied this type of Al-Salam–Chihara polynomials in [17] and
derived complex orthogonality measures for them. But [17] does not contain any discussion
of the duality of this family of polynomials with respect to little � -Jacobi polynomials.

Observe that the dual polynomials (3.17) can be also expressed in terms of the little� -Jacobi polynomials (3.3):¦&���
�3�
M��1S�P�� ] u � �w� �4P � S � � :� ] � � « S � � : �G�þP�� r/: � r�: î :=o . ò é � ��:´� � � S-P�� ] u � � F
A recurrence relation for the polynomials ¦ � �
�3�#MO�2S-P�� ] u � � is derived from formula (3.6).

It has the form� � r/: p�P ] � :�o . ��¦ � �
�3�#MO�-�w�÷��P � r�� �G�)� ] � �Eo . ��¦ �Eo .C�
�3�#MO�-�
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�3�
M��5�3� � r/� �G�)� � � ��¦&�8r . �
�3�#MO�-�1�
where ¦&���#�3�
M��5�7tB¦����#�3�
M��1S�PJ� ] u � � . Comparing this relation with the recurrence relation
(3.69) in [5], we see that the polynomials (3.17) are multiple to the polynomials (3.67) in [5].
Moreover, if one takes into account this multiplicative factor, the orthogonality relation (3.18)
for polynomials (3.17) turns into relation (3.82) for the polynomials (3.67) in [5], although
the derivation of the orthogonality relation in [5] is more complicated than our derivation of
(3.18). The authors of [5] do not give an explicit form of their polynomials in the form similar
to (3.17). Concerning the polynomials (3.67) in [5] see also [22].

Let 6 � be the Hilbert space of functions on the set M³�n�Q���C���Q������� with the scalar product

'�Ô . ��Ô � vm� z<:={ ^ �5�)��P ] � � :=o . ���4P ] � � ] � S � �G:�5�)��P ] � ���#P � � � S � � : P : � :�ü Ô . �#MO� Ô � �
M��1�
where weight function is taken from (3.18). The polynomials (3.17) are in one-to-one cor-
respondence with the columns of the unitary matrix � ëP :=� � and the orthogonality relation
(3.18) is equivalent to the orthogonality of these columns. Due to (3.11) the columns of the
matrix � ëP8:=�Q� form an orthonormal basis in the Hilbert space of sequences 7ø�âKWP���uÎn��Q���C���Q�������6L with the scalar product '87��)7�¨Ùv|��x � P8�=P&¨� . This assertion is equivalent to the
following one: the set of polynomials ¦����
�3�#MO�2S-P�� ] u � � , ��y�����C�6��������� , form an orthogonal
basis in the Hilbert space 6 � . This means that the point measure in (3.18) is extremal for the
dual little � -Jacobi polynomials ¦8���#�3�
M��1S�PJ� ] u � � .

4. Big � -Jacobi polynomials and their duals.

4.1. Pair of operators �4% � ��
 � . We fix three real numbers P ,
]

and « such that � N P N� r . , � N ] N�� r . , «|N � and consider on the Hilbert space k®t�k ï , introduced in subsection
3.1, the following symmetric operator % � :
(4.1) % � Ô � �DP � Ô �Eo .wpqP �8r .2Ô �8r .m� ] � Ô � �
whereP �8r .)�V�5�þP «2� �Eo . � .-é � � �5��� � � �2�5���$P � � �2�G��� ] � � ���G�)�¹P ] � � �2�5�þ� «�� � �2�G�)�¹P ] « r . � � ��G�þ�¹P ] � � � � � �5�)��P ] � � �8r . �2�5�)��P ] � � �Eo . � �
] ��� �G����P � �Eo . �2�5�)��P ] � �Eo . �2�5�þ� «2� �Eo . ��5�)��P ] � � �Eo . �2�G����P ] � � �Eo � � �ßP «2� �Eo . �5�)� � � ���G�þ� ] � � ���G�)�¹P ] � � � « ��G�)�¹P ] � � � �2�G����P ] � � �Eo . � ��� F
This operator is bounded. Therefore, we assume that it is defined on the whole Hilbert spacek . This means that % � is a self-adjoint operator. Actually, % � is a Hilbert–Schmidt operator.
To show this we note that for the coefficients P � and

] � from (4.1) one obtains thatP �Eo . � P � ýÞ� .5é � � ] �Eo . � ] � ýá�9�������  ý ½ F
Therefore, x � ���EP � p ] � � N ½ and this means that % � is a Hilbert–Schmidt operator. Thus,
the spectrum of % � is simple (since it is representable by a Jacobi matrix with P � f�n� ), discrete
and have a single accumulation point at 0.

To find eigenfunctions :;���#	�� of the operator % � , % � :<���#	��w�Õú�:<���
	/� , we set

:<���#	��w� z<�E{ ^�� � �4ú��5Ô � �
	/� F
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Acting by the operator % � on both sides of this relation, one derives that< � � ���4ú��2�4P8��Ô*�Eo . p�P8�8r . Ô*�8r . � ] �8ÔE�Q�w�Aú < � ���4ú��5Ô*���
where P � and

] � are the same as in (4.1). Collecting in this identity factors, which multiplyÔ�=� with fixed  , we arrive at the recurrence relation for the coefficients � � ��úJ� :P&� � �Eo . �4ú���p�P&��r . � �8r . �4ú��H� ] � � ����úJ�m�Aú � ����úJ� F
Making the substitution

� � ��úJ�m� Ç �#P ] � ��P � � «2� S � �G�|�G�þ�¹P ] � � �Co . ��4P ] � � « � ] � � � S � � � �G�)�¹P ] � �2�5�þP « � � Í .-é � � r�� î �Eo _ ò é � � ¨� ��úJ�
we reduce this relation to the following one!�� � ¨�Co . ��úJ��p���� � ¨��r . �4ú��}�ø�4!��$p��m�ß�ø�W�
� ¨� �4ú��w�Õú � ¨� �4ú��
with ! � � �G�)�¹P � �Eo . �2�5�)� «2� �Co . ���G�þ�¹P ] � �Eo . ��G�)�¹P ] � � �Co . ���5�)��P ] � � �Eo � � �

� � � �þP «2� �Co . �5�)� � � ���G�)� ] � � �2�5�þ�¹P ] « r . � � ��G�)�gP ] � � � ���G�þ�¹P ] � � �Co . � F
It is the recurrence relation for the big � -Jacobi polynomials

(4.2) ;�����ú�S�P�� ] � « S � � T � _ û�� � � r/� �-P ] � �Co . �6ú�S3P � � «�� S � � � �
introduced by G. E. Andrews and R. Askey [1] (see also formula (7.3.10) in [21]). Therefore,� ¨� ��úJ�m�A; � �4ú S-P�� ] � « S � � and

(4.3) � ����úJ�w� Ç �#P ] � �-P � � «2� S � � � �5�)��P ] � � �Eo . ��#P ] � � « � ] � � � S � � � �5�þ�¹P ] � �2�G�þP « � � Í .-é � � r�� î �Co _ ò é � ;�����ú�S�PJ� ] � « S � � F
For the eigenfunctions :;�J�
	/� we have the expansion

: � �
	/�m� z<�E{ ^ Ç �4P ] � �-P � � «2� S � � � �G�)�¹P ] � � �Eo . ��#P ] � � « � ] � � � S � � � �G����P ] � ���G�þP « � � Í .5é � � r/� î �Eo _ ò é � ;����4ú S-P�� ] � « S � �QÔ*���
	/�
(4.4)� z<�E{ ^ �#P � S � �5�P � é � � � S � � � Ç �4P ] � � «2� S � �G���G�)�¹P ] � � �Eo . ��4P ] � � « � ] � S � � � �5�þ�¹P ] � �2�G�þP « � � Í .-é � � r�� î �Co _ ò é � ;�� �4ú S-P�� ] � « S � ��	 � F
Since the spectrum of the operator % � is discrete, only a discrete set of these functions belongs
to the Hilbert space k .

In what follows we intend to study a spectrum of the operator % � and to find polynomials,
dual to big � -Jacobi polynomials. It can be done with the aid of the operator
 T �÷�4P � � .-é � � r � Ë pA�4P � � r .-é � P ] � � Ë o . �
which has been already used in the previous case in subsection 3.1. In order to determine
how this operator acts upon the eigenfunctions : � �#	�� , one can use the � -difference equation
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(4.5) � � r�� p�P ] � �Eo . ��; � ��úJ�m�AP � ú r � ��ú¢�ø�W��� ] ú�� « �Q; � � � úJ�� ~ ú r � P «2� �G�mp � �}�gú r . � �4P ] p�P « pqP»p « � � ;����4ú�� p�ú r � ��ú��¹P � �2�4ú¢� «�� ��;�� � � r . úJ�2�
for the big � -Jacobi polynomials ; � ��úJ�wtA; � �4ú S-P�� ] � « S � � (see, for example, formula (3.5.5)
in [27]). Multiply both sides of (4.5) by > � Ô � �
	/� , where > � are the coefficients of ; � ��ú�S�P�� ] �« S � � in the expression (4.3) for the coefficients � � �4ú�� , and sum over  . Taking into account
formula (4.4) and the fact that 
$Ô � �
	/�w�÷� � r�� pqP ] � �Eo . �QÔ � �#	�� , one obtains the relation

(4.6) 
�: � �
	��m�AP � ú r � ��ú��ø�W��� ] ú¢� « �!: ()� �
	��� ~ ú r � P «2� �5�mp � �}�gú r . � �#P ] pqP « pqP�p « � � : � �
	/��p�ú r � ��ú¢�¹P � �2�4ú¢� «�� ��: ( " Ê � �#	�� F
It will be shown in the next section that the spectrum of the operator % � consists of the pointsP � � , «2� � , g�Ï�Q���C�6��������� . The matrix of the operator 
 in the basis of eigenfunctions of % �
consists of two Jacobi matrices (one corresponds to the spectral points P � � , ��y����������������� ,
and another to the spectral points «�� � , q�÷�����C�6��������� ). In this case, the operators % � and 

form some generalization of Leonard pair.

4.2. Spectrum of % � and orthogonality of big � -Jacobi polynomials. As in subsection
3.2 one can show that for some value of ú (which must belong to the spectrum) the last term
on the right side of (4.6) has to vanish. There are two such values of ú : ú��yP � and ú�� «2� .
Let us show that both of these points are spectral points of the operator % � . Observe that,
according to (4.2),; � �4P � S-P�� ] � « S � � T � � û .E� � r�� ��P ] � �Eo . S «2� S � � � �w� � « � P ] � � S � �G�� «�� S � � � �4P ] � � � � î �Eo . ò F
Therefore, since � « � P ] � � S � �5�I�Ï�#P ] � � « S � �5�/�G� « � P ] � � � r�� î �Eo . ò é � �
one obtains that ;����#P � S�PJ� ] � « S � � T � �#P ] � � « S � � �� «2� S � � � �G� « � � � � î �Eo . ò é � F
Likewise, ; � � «2� S-P�� ] � « S � � T � � ] � S � � ��#P � S � �5� �G�þP�� � � � î �Eo . ò é � F
Hence, for the scalar product '?: ï ( �
	/�1�): ï ( �#	��5v we have the expressionz<�E{ ^ �G�)�¹P ] � � �Eo . ���#P ] � �-P � � «2� S � �5��5�þ�¹P ] � �2�#P ] � � « � ] � � � S � � � �5�þP « � � � r�� î �Eo _ ò é � ; �� �4P � S-P�� ] � « S � �
(4.7) � z<�C{ ^ �G�)�¹P ] � � �Eo . ���#P ] � � « �-P ] � �-P � S � � ��5�þ�¹P ] � �2� ] � � «2� � � S � �G�»�5�þP � « � � � � î �8r . ò é � � �#P ] � � � « � PJS � � z� ] � � «�� S � � z �
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where the relation (9.21) from Appendix has been used. Similarly, for '?:A@ ( �
	/�1� :<@ ( �
	��-v one
has the expressionz<�E{ ^ �5�)��P ] � � �Eo . �2�4P ] � �-P � � «2� S � �G��5�þ�¹P ] � �2�G�þP « � � �#P ] � � « � ] � � � S � � � � r�� î �Eo _ ò é � ; �� � «2� S-P�� ] � « S � �
(4.8) � �#P ] � � �-P � « S � � z�#P � �-P ] � � « S � � z �
where formula (9.22) from Appendix has been used. Thus, the values úU�nP � and ú�� «2� are
spectral points of the operator % � .

Let us find other spectral points of % � . Setting úU�AP � in (4.6), we see that the operator 

transforms : ï (*�
	/� into a linear combination of the functions : ï ( ü �#	�� and : ï (E�#	�� . We have
to show that : ï ( ü �
	/� also belongs to the Hilbert space k , that is, that

'?: ï ( ü �): ï ( ü v3� z<�E{ ^ �4P ] � �-P � � «2� S � � � �5�)��P ] � � �Eo . ��#P ] � � « � ] � � � S � � � �5�)��P ] � ���G�þP « � � � r/� î �Eo _ ò é � ; �� �#P � � S�P�� ] � « S � � N ½ F
In order to achieve this we note that since �4P � � S � �-R��V�4P � S � �5R��5����P � R o . � � �G� �IP � � , we have; � �#P � � S-P�� ] � « S � �H� �<R { ^ �)��P � R o .�)�¹P � � � r/� S � �-RQ�#P ] � �Co . S � �5R��4P � S � �5R�4P � S � � R � «2� S � � R � R� � S � � R

B ��)�¹P � �<R { ^ � � r�� S � � R �4P ] � �Eo . S � � R �#P � S � � R�#P � S � �-RQ� «�� S � �5R � R� � S � �5R �V�5�)��P � � r . ;����4P � S�P�� ] � « S � � F
Therefore, the series for '(: ï ( ü � : ï ( ü v is majorized (up to the finite constant �5�¤�qP � � r . ) by
the corresponding series for '(: ï (*�): ï (2v . Thus, : ï ( ü �#	�� is an eigenfunction of % � and the pointP � � belongs to the spectrum of the operator % � . Setting ú��nP � � in (4.6) and acting similarly,
one obtains that : ï (DC �
	�� is an eigenfunction of % � and the point P � _ belongs to the spectrum
of % � . Repeating this procedure, one sees that : ï ( ñ �#	�� , q�B�C�6��������� , are eigenfunctions of% � and the set P � � , O�V�C�6��������� , belongs to the spectrum of % � . Likewise, one concludes that: @ ( ñ �#	�� , j�²�C�6��������� , are eigenfunctions of % � and the set «2� � , ��V�C�6��������� , belongs to the
spectrum of % � . Note that so far we do not know whether the operator % � has other spectral
points or not. In order to solve this problem we shall proceed as in subsection 3.2.

The functions : ï ( ñ �
	/� and :<@ ( ñ �
	/� ,  �Ï�C���Q������� , are linearly independent elements of
the Hilbert space k . Suppose that P � � and «2� � ,  �Ï�C�6��������� , constitute the whole spectrum
of the operator % � . Then the set of functions : ï ( ñ �#	�� and :<@ ( ñ �
	�� , ��å�C�6��������� , is a basis
in the space k . Introducing the notations

* � T �E� ï ( ñ�F Ê �#	�� and
* ¨� T �G� @ ( ñ�F Ê �#	�� , ê��Q���C�6��������� , we find from (4.6) that


 * �¢�DP r . «2� r � �8r . �5�þ��P � �Eo . �2�5�)� ] P � �Co . � « � * �Eo .p�¦�� * �$p�P r . «2� r � � �G�)� � � �2�G����P � � � « � * �8r . �

 * ¨� � « r . P � r � �8r . �5�þ� «�� �Eo . ���G�)� ] � �Eo . � * �Eo .p�¦ ¨� * � p « r . P � r � � �G�)� � � �2�G��� «2� � � P�� * �8r .*�
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where ¦ � � �P ~ � r � �8r . « �G�mp � �}� � r�� �4P ] p�P « p�P�p « � � �
¦ ¨� � �« ~ � r � �8r . P/�G�mp � �}� � r/� �#P ] pqP « p�P»p « � � F

As we see, the matrix of the operator 
 in the basis
* � �H� ï ( ñ�F Ê �#	�� , * ¨� �I� @ ( ñ�F Ê �#	�� ,y�³�Q���C�6��������� , is not symmetric, although in the initial basis ÔC� , Õ�©�����C�6��������� , it was

symmetric. The reason is that the matrix X T �Ï�5�4P�:=�Q� z: 0 �E{ ^ �#P8¨:=� � z: 0 �E{ ^ � with entriesP :��UT � � : �4P � � �2�BP ¨:�� T � � : � «2� � �1�êM��5j�A�����C�6���������/�
where � : �4¦ � � � , ¦ß�AP�� « , are coefficients (4.3) in the expansion

:<J1( ñ �#	��w�y< : � : �4¦ � � �QÔ � �
	/�
(see above), is not unitary. This matrix X is formed by adding the columns of the matrix�#P8¨:=� � to the columns of the matrix �4P :�� � from the right, that is,

XY� Z[[[[\
P�.�. ����� PQ.5R ����� P&¨.�. �����aP&¨. = �����P � . ����� P � R ����� P&¨� . �����aP&¨� = ���������� ����� ����� ����� ����� �����a�����a�����P Ö6. ����� P Ö�R ����� P ¨Ö6. ����� P ¨Ö = ���������� ����� ����� ����� ����� �����a�����a�����

b�ccccd F
It maps the basis K*Ô � L into the basis K�: ï ( ñ�F Ê � : @ ( ñ�F Ê L in the Hilbert space k . The nonuni-
tarity of the matrix X is equivalent to the statement that the basis

* ��T �I� ï ( ñ�F Ê �
	/� , * ��T �� @ ( ñ�F Ê �
	�� , Ï� �Q���C�6��������� , is not normalized. In order to normalize it we have to multi-
ply

* � by appropriate numbers « � and
* ¨� by numbers « ¨� . Let ë* � � « � * � , ë* ¨� � « ¨� * � ,��B�Q�������Q������� , be a normalized basis. Then the operator 
 is symmetric in this basis and

has the form


°ë* ��� « r .�Eo . « ��P r . «2� r � ��r . �G�)�¹P � �Co . ���G�þ�¹P ] � �Eo . � « ��ë* �Eo . pq¦&��ë* �
p « r .��r . « � P r . «2� r � � �5�)��P � � � « �2�5�)� � � ��ë* �8r .*�


°ë* ¨� � « ¨ r .�Eo . « ¨ � « r . P � r � �8r . �G��� ] � �Co . ���G�)� «2� �Eo . �më* �Eo . pq¦ ¨� ë* �
p « ¨ r .��r . « ¨ � « r . P � r � � �G��� «2� � � P��2�G�)� � � ��ë* �8r .*�

The symmetricity of the matrix of the operator 
 in the basis K�ë* �/��ë* ¨� L means that« r .�Co . « � � r � �8r . �G�)�¹P � �Co . ���G�þ�¹P ] � �Eo . � « �H� « r .� « �Eo . � r � �8r � �G�þ�¹P � �Eo . � « �2�5�)� � �Co . �2�« ¨ r .�Eo . « ¨ � � r � ��r . �5�þ� ] � �Eo . �2�G�)� «2� �Eo . �w� « ¨ r .� « ¨ �Eo . � r � �8r � �G��� «2� �Co . � P8���G�)� � �Eo . � F
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that is, « �« �8r . � K � �G�)�¹P � � �2�5�þ��P ] � � � « ��G�)� � � �2�5�þ�¹P � � � « � � « ¨�« ¨�8r . � K � �G�)� «2� � ���G�þ� ] � � ��G�)� � � ���G�)� «2� � � P�� F
Thus, « �¢�A� Ç � � �4P ] � � « ��P � S � � ��#P � � « � � S � � � Í .-é � � « ¨� �A� ¨ Ç � � � ] � � «2� S � � �� «2� � P�� � S � � � Í .-é � �
where � and ��¨ are some constants.

Therefore, in the expansions

(4.9) ë: ï ( ñ �#	��wt ë* � �
	/�w�Õ< : « � � : �#P � � �QÔ =: �#	��w�Õ< : ëP :=� Ô =: �#	��2�
(4.10) ë: @ ( ñ �#	��wt³ë* � �
	/�w�y< : « ¨� � : � «�� � �QÔ =: �
	/�w�n< : ëP ¨:�� Ô =: �
	/�1�
the matrix ëX T �Ï�5� ëP :=� � z: 0 �C{ ^ � ëP8¨:=� � z: 0 �E{ ^ � with entries

ëP8:���� « � � :´�4P � � �3�n� Ç � � �4P ] � � « ��P � S � �G��4P � � « � � S � � � �#P ] � ��P � � «2� S � �5:��5�)��P ] � � :=o . ��4P ] � � « � ] � � � S � � : �5�)��P ] � ���G�þP « � : Í .-é �
(4.11) æ � r/: î :=o _ ò é � ;�:ß�#P � �Eo . S-P�� ] � « S � �1�
ëP ¨:=� � « � � : � «2� � �3�Õ� ¨ Ç � � � ] � � «2� S � � ��-� «2� � P�� � S � �5� �#P ] � ��P � � «2� S � � : �5�)��P ] � � :=o . ��#P ] � � « � ] � � � S � �G:��G�)�¹P ] � �2�G�þP « � : Í .5é �

(4.12) æ � r�: î :=o _ ò é � ; : � «�� �Eo . S-P�� ] � « S � ���
is unitary, provided that the constants � and �$¨ are appropriately chosen. In order to calculate
these constants, one can use the relationsz<:={ ^ u ëP :=� u � �÷�3� z<:={ ^ u ëP ¨:=� u � �V�3�
for ��A� . Then these sums are multiples of the sums in (4.7) and (4.8), so we find that

(4.13) �²� � ] � � «2� S � � .-é �z�4P ] � � � « � P�S � � .-é �z �å� ¨ � �4P � �-P ] � � « S � � .-é �z�#P ] � � ��P � « S � � .-é �z F
The coefficients « � and « ¨� in (4.9)–(4.12) are thus real and equal to« � � Ç � ] � � «2� S � � z�#P ] � � � « � P�S � � z �#P ] � � « �-P � S � � � � ��#P � � « � � S � �5� Í .5é � �« ¨� � Ç �#P � �-P ] � � « S � � z�#P ] � � �-P � « S � � z � ] � � «�� S � � � � �� «2� � P�� � S � � � Í .5é � F
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The orthogonality of the matrix ëX tV�-� ëP8:=�Q� z: 0 �E{ ^ � ëP8¨:=� � z: 0 �E{ ^ � means that

(4.14) < : ëP8:�� ëP8:=� > �n@��E� > � < : ëP ¨:=� ëP ¨:�� > �A@��E� > � < : ëP8:�� ëP ¨:=� > �A�Q�
(4.15) < � � ëP :�� ëP :=>Ä� p ëP ¨:=� ëP ¨: > � �3�A@ :�:=>ÎF
Substituting the expressions for ëP�:=� and ëP8¨:=� into (4.15), one obtains the relation� ] � � «2� S � � z�4P ] � � � « � P�S � � z z<�E{ ^ �#P � �-P ] � � « S � � � � ��#P � � « � � S � � � ;�:I�#P � �Eo . ��;�: > �#P � �Eo . �

p �4P � ��P ] � � « S � � z�4P ] � � ��P � « S � � z z<�E{ ^ � ] � � «2� S � �G� � �� «�� � P�� � S � � � ; : � «�� �Eo . �Q; :=> � «2� �Eo . �
(4.16) � �G�)�¹P ] � �2� ] � �-P ] � � « � � S � � :�5�)��P ] � � :=o . ���#P � �-P ] � � «2� S � �5: �5�þP « � : � : î :=o _ ò é � @ :�:=>8F
This identity must give an orthogonality relation for the big � -Jacobi polynomials ; : �
ìQ�þt; : �
ì/S�PJ� ] � « S � � . An only gap, which appears here, is the following. We have assumed that the
points P � � and «�� � , ��n�Q���C�6��������� , exhaust the whole spectrum of the operator % � . As in the
case of the operator %W. in subsection 3.2, if the operator % � had other spectral points 	/R , then
on the left-hand side of (4.16) would appear other summands � ��/ ; : �
	/R�S�PJ� ] � « S � �G; :=> �
	/R�SP�� ] � « S � � , which correspond to these additional points. Let us show that these additional
summands do not appear. We set M �âM�¨¤�ä� in the relation (4.16) with the additional
summands. This results in the equality� ] � � «�� S � � z�#P ] � � � « � PJS � � z z<�E{ ^ �4P � ��P ] � � « S � � � � ��#P � � « � � S � �5�
(4.17) p �#P � �-P ] � � « S � � z�#P ] � � �-P � « S � � z z<�E{ ^ � ] � � «2� S � � � � �� «2� � P�� � S � �G� p < R � ��/ �÷� F
In order to show that x R �0� / �D� , take into account the relation�#! � � �|�-� � � �ßS � � z� � � �|��!�� � � �ßS � � z �Wû . �#!$���¢S6�ßS � � � �p �4!$�-��S � � z��� � � �-!�� � � �ßS � � z ��û . �#! � � �|�-� � � �ßS � � � �ßS � � � �w�²�
(see formula (2.10.13) in [21]). Putting here !V�²P � , �B�÷P ] � � « and �±�²P � � « , we obtain
relation (4.17) without the summand x R �0��/ . Therefore, in (4.17) the sum x R �0��/ does
really vanish and formula (4.16) gives an orthogonality relation for big � -Jacobi polynomials.

By using the operators % � and 
 , we thus derived the orthogonality relation for big � -
Jacobi polynomials.

The orthogonality relation (4.16) enables one to formulate the following statement: The
spectrum of the operator % � coincides with the set of points P � �Eo . and «�� �Eo . , j�D����������������� .
The spectrum is simple and has one accumulation point at 0.
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4.3. Dual big � -Jacobi polynomials. Now we consider the relations (4.14). They give
the orthogonality relation for the set of matrix elements ëPQ:=� and ëP8¨:=� , viewed as functions
of M . Up to multiplicative factors, they coincide with the functions

(4.18) · � �
	�S-P�� ] � « S � � T � _ û � �#	 ��P ] � � 	 ��P � �Eo . S3P � � «2� S � � � �2��j�D�������������������
(4.19) · ¨� �#	 S-P�� ] � « S � � T � _ û � �
	��-P ] � � 	 � «�� �Eo . S3P � � «2� S � � � �tU·����
	 S « �-P ] � « �-P��2�Uj�D�����C�6���������/�
considered on the corresponding sets of points. Namely, we haveëP8:=�It ëP8:����4P�� ] � « �3�A� Ç � � �4P ] � � « ��P � S � � ��4P � � « � � S � � � �#P ] � �-P � � «2� S � � : �G�þ�¹P ] � � :�o . ��#P ] � � « � ] � � � S � � : �G�)�¹P ] � �2�5�þP « � : Í .-é �æ � r�: î :=o _ ò é � · � � � r/: S�PJ� ] � « S � �1�

ëP ¨:=� t ëP ¨:=� �#P�� ] � « �3�Õ� ¨ Ç � � � ] � � «2� S � �G�� «�� � P�� � S � � � �4P ] � �-P � � «�� S � �G:��G�)�¹P ] � � :=o . ��#P ] � � « � ] � � � S � � : �G�)�¹P ] � �2�5�þP « � : Í .5é �æ � r�: î :=o _ ò é � · ¨� � � r�: S-P�� ] � « S � �}t ëP :=� � « ��P ] � « ��P8�2�
where � and ��¨ are given by formulas (4.13). The relations (4.14) lead to the following
orthogonality relations for the functions (4.18) and (4.19):� ] � � «�� S � � z�#P ] � � � « � PJS � � z z<:={ ^ML �
M��G· � � � r�: S-P�� ] � « S � �Q· �E> � � r�: S-P�� ] � « S � �
(4.20) � �#P � � « � � S � � ��4P � �-P ] � � « S � � � � � @��E� > ��4P � �-P ] � � « S � � z�#P ] � � �-P � « S � � z z<:={ ^ L �
M���· ¨� � � r�: S-P�� ] � « S � ��· ¨�E> � � r/: S-P�� ] � « S � �
(4.21) � � «2� � PJ� � S � � �� ] � � «2� S � �G� � � @ �E�C> �
(4.22)

z<:�{ ^ L �#MO�Q·���� � r�: S-P�� ] � « S � ��· ¨� > � � r/: S�PJ� ] � « S � �3�D���
where

L �
M�� T � �G�)�¹P ] � � :�o . �2�4P � �-P ] � � «�� S � �G:�5�)��P ] � ��� ] � ��P ] � � « � � S � � : �G�þP « � : � r�: î :=o _ ò é � F
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There is another form for the functions ·}� � � r�: S-P�� ] � « S � � and ·$¨� � � r�: S-P�� ] � « S � � . In-
deed, one can use the relation (III.12) of Appendix III in [21] to obtain that· � � � r�: S-P�� ] � « S � �3� � «2� r/: � P ] S � � :� «2� S � �5: �4P ] � :�o . � : _ û � Ç � r�: �-P ] � :=o . � � r��P � �-P ] � � « ���� � ��P � �Eo . � « Í

� �#P ] � � « S � � :� «2� S � � : �5� « � : � : î :=o . ò é � _ û�� Ç � r�: �-P ] � :=o . � � r��P � �-P ] � � « ���� � ��P � �Eo . � « Í
and· ¨� � � r�: S-P�� ] � « S � �3� � ] � S � �G:�4P � S � � : �G�þP�� : � : î :=o . ò é � _ û�� Ç � r�: �-P ] � :=o . � � r��] � � «2� ���� � � «2� �Eo . � P Í F
The basic hypergeometric functions

_ û � in these formulas are polynomials in �3�
M�� T � � r�: pP ] � :�o . . So if we introduce the notation

(4.23) ¶I���#�3�
M��1S�PJ� ] � « u � � T � _ û�� Ç � r�: �-P ] � :=o . � � r/�P � ��P ] � � « ���� � �-P � �Eo . � « Í �
then · � � � r�: S-P�� ] � « S � �H� �4P ] � � « S � �G:� «2� S � � : �5� « � : � : î :=o . ò é � ¶ � �
�3�#MO�2S-P�� ] � « u � �1�

· ¨� � � r/: S�P�� ] � « S � �H� � ] � S � �5:�#P � S � � : �5�þP8� : � : î :=o . ò é � ¶I���#�3�
M��1S ] �-P��-P ] � « u � � F
Formula (4.20) directly leads to the orthogonality relation for the polynomials ¶¢���#�3�
M��5�tA¶I�/�
�3�#MO�2S-P�� ] � « u � � :z<:={ ^ �5�)��P ] � � :=o . ���#P � �-P ] � ��P ] � � « S � � :�5�)��P ] � ��� ] � � «2� � � S � � : �5� « � P�� : � : î :¤r . ò é � ¶I���
�3�
M��5�Q¶ß� > �
�3�#MO�-�

(4.24) � �4P ] � � � « � P�S � � z� ] � � «2� S � � z �#P � � « � � S � � ��4P � �-P ] � � « S � � � � � @��E� > F
From (4.21) one obtains the orthogonality relation for the polynomials¶ � �
�3�
M��1S ] �-P���P ] � « u � � (which follows also from the relation (4.24) by interchanging P and]

and replacing « by P ] � « ).
We call the polynomials ¶ � �
�3�#MO�2S-P�� ] � « u � � dual big � -Jacobi polynomials. It is natural

to ask whether they can be identified with some known and thoroughly studied set of polyno-
mials. The answer is: they can be obtained from the � -Racah polynomials $ � �
�3�#	��2S-P�� ] � « �-¦/u � �
of Askey and Wilson [14] by setting P´� � r Ø r . and sending Ò ý ½ , that is,¶I���
�3�
	/�1S�PJ� ] � « u � �w� ¿ÂÁÂÃØ Æ z $¤� �
�3�
	/�1S � r Ø r . �-P � « �-P�� ] u � � F
Observe that the orthogonality relation (4.24) can be also derived from formula (4.12) in [30].
But the derivation of this formula (4.12) is rather complicated.
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The dual polynomials (4.23) and the big � -Jacobi polynomials (4.2) are interrelated in
the following way:¶I���#�3�
M��1S-P�� ] � « u � �3� � «2� S � � :�#P ] � � « S � �G: �G� « � r�: � r�: î :=o . ò é � ;�:I�#P � �Eo . S-P�� ] � « u � � F

It is worth noting here that in the limit as «gý � the dual big � -Jacobi polynomials¶ � �
�3�#	��1S�P�� ] � « u � � coincide with the dual little � -Jacobi polynomials ¦ � �
�3�
	/�1S ] �-P�u � � , de-
fined in section 3. The dual little � -Jacobi polynomials ¦ � �
�3�#	��1S�P�� ] u � � reduce, in turn, to the
Al-Salam–Carlitz II polynomials

	 îÂï1ò� �ON�S � � on the � -linear lattice N¤� � r�� (see [27], p. 114)
in the case when the parameter

]
vanishes, that is,¦ � �#�3�
	��2S-P��-��u � �m� � û ^ � � r/� � � r�� S���S � � � � � P��3�V�5�þP8� r�� � � î �8r . ò é � 	 î ï1ò� � � r�� S � � F

This means that we have now a complete chain of reductions$¤���#�3�
	/�1S-P�� ] � « ��¦�u � �°� ýï Æ z ¶ß���#�3�
	/�1S « �-¦J� « � ] u � �U� ýP Æ z ¦&���#�3�
	��2S-¦J� « u � �=� ý@×{ ^ 	 î J ò� � � r�� S � �
from the four-parameter family of � -Racah polynomials, which occupy the upper level in
the Askey-scheme of basic hypergeometric polynomials (see [27], p. 62), down to the one-
parameter set of Al-Salam–Carlitz II polynomials from the second level in the same scheme.
So, the dual big and dual little � -Jacobi polynomials ¶ � �#�3�
	��2S-P�� ] � « u � � and ¦ � �#�3�
	/�1S-P�� ] u � �
should occupy the fourth and third level in the Askey-scheme, respectively.

The recurrence relations for the polynomials ¶ � �
�3�#MO�ßt³¶ � �
�3�
M��1S�P�� ] � « u � � are ob-
tained from the � -difference equation (4.5). It has the form� � r/: �ø�W�2�5�þ�¹P ] � :�o . �G¶I���
�3�#MO�-�m�! � ¶ �Eo .E�
�3�
M��5�H�ø�4! � p�� � �5¶ � �
�3�
M��5��p�� � ¶ �8r .*�
�3�#MO�-�1�
where! � � � r � �8r . �G����P � �Eo . �RQ#� « � P���� ] � �Eo .TS � � � � � r � � �5�)� � � � ~ � « � P��}� � � � F

The relation (4.22) leads to the equality (another proof of this relation is given in Ap-
pendix) z<:={ ^ �G���W� : �5�)��P ] � � :=o . ���#P ] � S � �G:�5�)��P ] � ��� � S � � : � : î :¤r . ò é �
(4.25) æ�¶I�/�
�3�#MO�2S-P�� ] � « u � ��¶I� > �#�3�
M��1S ] �-P��-P ] � « u � �H�n� F
Note that from the expression (4.23) for the dual big � -Jacobi polynomials it follows that they
possess the symmetry property

(4.26) ¶����
�3�
M��1S�P�� ] � « u � �3�n¶I���
�3�#MO�2S-P ] � « � « � ] u � � F
The set of functions (4.18) and (4.19) form an orthogonal basis in the Hilbert space 6 � of

functions, defined on the set of points M³�n�Q�������Q������� , with the scalar product

'4ÔC.*��Ô � vw� z<:={ ^ L �#MO��ÔC.*�#MO� Ô � �
M����
where L �#MO� is the same as in formulas (4.20)–(4.22). Consequent from this fact, one can
deduce (in the same way as in the case of dual little � -Jacobi polynomials) that the dual big� -Jacobi polynomials ¶ � �
�3�
M��1S�P�� ] � « u � � correspond to indeterminate moment problem and
the orthogonality measure for them, given by formula (4.24), is not extremal.

It is difficult to find extremal measures for these polynomials.
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4.4. Generating functions for dual big � -Jacobi polynomials. Generating functions
are known to be of great importance in the theory of orthogonal polynomials (see, for ex-
ample, [3] and [33]). For the sake of completeness, we briefly discuss in this section some
instances of linear generating functions for the dual � -Jacobi polynomials ¶ � �
�3�
	/�1S�PJ� ] � « u � �
and ¦ � �
�3�
	/�1S�PJ� ] u � � . To start with, let us consider a generating-function formula

(4.27)
z<�E{ ^ �4P � S � � �� � S � �G� º � ¶ � �
�3�#	��2S-P�� ] � « u � �w� �4P � º1S � � z�
º1S � � z � û � Ç � r�� �3P ] � ��o .P ] � � « �HP � º ���� � �3P � º � « Í��

where u º�u N � and, as before, �3�
	/�w� � r�� pjP ] � �Wo . . To verify (4.27), insert the explicit form
(4.23) of the dual big � -Jacobi polynomials¶I���
�3�#	��2S-P�� ] � « u � �w� �<R { ^ � � r�� ��P ] � ��o . � � r�� S � � R�4P � �-P ] � � « � � S � �-R Ç P � �Eo .« Í R
into the left side of (4.27) and interchange the order of summation. The subsequent use of the
relations �#P�S � �5:=o R �÷�4PJS � �G:I�#P � : S � � R �Ï�#P�S � � R �4P � R S � �G:´�� � r�:¤r R S � � R �V�G���s� R � r/: R r R î R o . ò é � � � :�o . S � � R
(see [21], Appendix I) simplifies the inner sum and enables one to evaluate it by the � -
binomial formula (3.13). This gives the quotient of two infinite products in front of � û �
on the right side of (4.27), times �4P � º1S � � r .R . The remaining sum over > yields � û � series
itself.

As a consistency check, one may also obtain (4.27) directly from the generating function
for the � -Racah polynomials $ � �
�3�#	��2S 4 � � � U���@Qu � � (see formula (3.2.13) in [27]) by setting4 � � r Ø r . and sending Ò ý ½ . This results in the relationz<�E{ ^ �#P � S � � �� � S � �G� º � ¶ � �
�3�#	��2S-P�� ] � « u � �
(4.28) � �4P � ��o . º1S � � z�#º1S � � z � û . Ç � r�� � « r . � r��P ] � � « ���� � �3P&º � ��o . Í F
The left side of (4.28) depends on the variable 	 by dint of the combination �3�#	��|� � r�� pP ] � ��o . . Off hand, it is not evident that the right side of (4.28) is also a function of the
lattice �3�
	�� . Nevertheless, this is the case. Moreover, the right sides of (4.27) and (4.28) are
equivalent: this fact is known in the theory of special functions as Jackson’s transformation
(see, for example, [21])�Wû . �4PJ� ] S « S � �-µ8�3� �4P8µ�S � � z�#µJS � � z ��û�� �4P�� « � ] S « �-P8µJS � � ] µ8� F
The symmetry property (4.26) of the dual big � -Jacobi polynomials ¶ � �
�3�
	/�1S�PJ� ] � « u � � , com-
bined with (4.27), generates another relationz<�E{ ^ �#P ] � � « S � � �� � S � �G� º � ¶ � �#�3�
	��2S-P�� ] � « u � �3� �4P ] � º � « S � � z�#º1S � � z � û � Ç � r�� �3P ] � �Wo .P � �3P ] � º � « ���� � �3P � º � « Í



ETNA
Kent State University 
etna@mcs.kent.edu

138 N. M. ATAKISHIYEV AND A. U. KLIMYK� �#P ] º � �Wo . � « S � � z�#º1S � � z ��û . Ç � r�� � ] r . � r��P � ���� � �3P ] º � �Wo . � « Í F
Similarly, a generating function for the dual little � -Jacobi polynomials has the form

(4.29)
z<�E{ ^ � ] � S � � �� � S � �G� �#P&º5� � ¦ � �#�3�
	��2S-P�� ] u � �w� �
º � r�� �-P ] º � �Wo . S � � z�4P&º1�5º1S � � z F

One can verify (4.29) directly by inserting the explicit form (3.17) of ¦ � �
�3�#	��2S-P�� ] u � � into
the left side of (4.29) and repeating the same steps as in the case of deriving (4.27). This will
lead to the expression �#P ] � º1S � � z�4P�º1S � � z ��û . � � r�� �3P ] � ��o . S3P ] � º1S � �5º5�
and it remains only to employ Heine’s summation formula (1.5.1) from [21]. After a sim-
ple re-scaling of the parameters the generating function (4.29) coincides with that, obtained
earlier in [17].

The simplest way of obtaining (4.29) is to send «Iý � in both sides of (4.28): the � û .
series on the right side of (4.28) reduces to . û ^ � � r�� S���S � �5º � P�� , which is evaluated by the� -binomial formula (3.13).

Finally, when the parameter
]

vanishes, (4.29) reduces to the known generating functionz<�C{ ^ �G���s� � � � î ��r . ò é �� � S � � � º � 	 îÂï1ò� � � r�� S � �3� �
º � r�� S � � z�#P&º1�5º1S � � z
for the Al-Salam–Carlitz II polynomials (see (3.25.11) in [27]).

5. Discrete � -ultraspherical polynomials and their duals.

5.1. Discrete � -ultraspherical polynomials. For the big � -Jacobi polynomials ;3���#	 SP�� ] � « S � � the following limit relation holds:¿ÄÁÂÃ(DV�. ;����#	 S �5W � ��X ��� ��Y S � �3� ; î W 0 X ò� �#	��;ßî W 0 X ò� �G�s� �
where U is real. Therefore, ¿ÄÁÂÃ�(ZV�.�; � �#	 S � W � � W ��� � Y S � � is a multiple of the Gegenbauer
(ultraspherical) polynomial � î W r .5é � ò� �
	�� . For this reason, we introduce the notation

(5.1) � îÂï ü ò� �
	�S � � T �D;����#	 S-P���PJ���þP�S � �3� _ û�� � � r�� ��P � � �Eo . �5	 S3P � ���þP � S � � � � F
It is obvious from (5.1) that � î ï1ò� �
	�S � � is a rational function in the parameter P .

From the recurrence relation for the big � -Jacobi polynomials (see subsection 4.1) one
readily verifies that the polynomials (5.1) satisfy the following three-term recurrence relation:

(5.2) 	¤� îÂï2ò� �
	 S � �w�n!����4P8��� îÂï1ò�Co . �#	 S � ��p������4P8��� îÂï1ò��r . �
	 S � �1�
where ! � �4P8�m�÷�G�)�¹P � �Eo . � � �G�)�¹P � � �Eo . � , � � �4P��w�²�)�¹! � �4P�� , and �´î ï1ò^ �
	�S � �wt÷� .

An orthogonality relation for �ßî ï1ò� �
	�S � � , which follows from that for the big � -Jacobi
polynomials and is considered in the next section, holds for positive values of P . We shall see
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that the polynomials �ßîÂï2ò� �
	 S � � are orthogonal also for imaginary values of P and 	 . In order
to dispense with imaginary numbers in this case, we introduce the following notation:ÿ� îÂï ü ò� �
	�S � � T �÷�5�)Á � � � î r ï ü ò� �*ÁÂ	 S � �w�V�5�)Á � � ;����#ÁÄ	�S5Á P��5Á PJ���)ÁÂP�S � �1�
where 	 is real and � N P N ½ . The polynomials ÿ� îÂï1ò� �#	 S � � satisfy the recurrence relation

(5.3) 	Aÿ� îÂï1ò� �#	 S � �w�Yÿ!¤���#P��Iÿ� îÂï2ò�Eo . �
	�S � ��pÞÿ�����#P��ßÿ� î ï1ò�8r . �#	 S � �1�
where ÿ!����#P��w�A!����5�þP��3�V�5�*p»P � �Eo . � � �G�Ep»P � � �Eo . � , ÿ�����#P��w�Yÿ!����#P����$� , and ÿ� îÂï1ò^ �#	 S � �wt� . Note that ÿ! � �4P��\[n� and, hence, coefficients in the recurrence relation (5.3) for ÿ�´îÂï1ò� �
	�S � �
satisfy the conditions ÿ! � �#P�� ÿ� �Eo .C�#P�� £ � of Favard’s characterization theorem for ®��Q���C���Q������� (see, for example, [21]). This means that these polynomials are orthogonal with
respect to a positive measure with infinitely many points of support. An explicit form of this
measure is derived in the next section.

So, we have

(5.4) ÿ� îÂï2ò� �
	 S � �w�Ï�G�)ÁÙ� � � î r ï2ò� �
ÁÂ	 S � ���÷�5�)Á � � _ û � Ç � r/� ���þP � �Eo . �QÁÄ	Á � P � ���)Á � P � ���� � � � Í F
(Here and everywhere below under

� P , P £ � , we understand a positive value of the root.)
From the recurrence relation (5.3) it follows that the polynomials (5.4) are real for 	]1�§ and� N P N ½ . From (5.4) it is also obvious that they are rational functions in the parameterP . Observe that the situation when along with orthogonal polynomials �����
	/� , depending on
some parameters, the set of polynomials �G�)ÁÙ� � �J���#ÁÄ	/� is also orthogonal (but for other values
of parameters) is known; see, for example, [29], [13], and [18].

We show below that the polynomials �IîÂï1ò� �
	�S � � and ÿ�´î ï1ò� �
	�S � � , interrelated by (5.4), are
orthogonal with respect to discrete measures. For this reason, they may be regarded [9] as a
discrete version of � -ultraspherical polynomials of Rogers (see, for example, [4]).

PROPOSITION 5.1. The following expressions for the discrete � -ultraspherical polyno-
mials (5.1) hold:

(5.5) �ßîÂï1ò� R �#	 S � �m� � � S � � �-R}P R�#P � � S � � � R �G���s� R � R î R o . ò ��R��#	 � � P � � S � r . ��P�u � � �1�
(5.6) �ßîÂï1ò� R o . �#	 S � �w� � � _ S � � �5R}P R�#P � � S � � � R �5���W� R � R î R o . ò 	w��R��#	 � � P � � S � ��P�u � � �1�
where � R �#ì/S-P�� ] u � � are the little � -Jacobi polynomials (3.3).

Proof. To start with (5.5), apply Singh’s quadratic transformation for a terminating
_ û �

series

(5.7)
_ ûJ� Ç P � � ] � � «P ] � .-é � ���þP ] � .-é � ���� � � � Í � _ û�� Ç P � � ] � � « �P � ] � � �}� ���� � � � � � Í �

which is valid when both sides in (5.7) terminate (see [21], formula (3.10.13)), to the expres-
sion in (5.1) for � -ultraspherical polynomials �ßî ï1ò� R �
	�S � � . This results in the following:�´îÂï1ò� R �#	 S � �w� _ û �_^ � r � R ��P � � R o . ��	 � S�P � � ����S � � � � ��` F



ETNA
Kent State University 
etna@mcs.kent.edu

140 N. M. ATAKISHIYEV AND A. U. KLIMYK

Now apply to this basic hypergeometric series
_ û�� the transformation formula

(5.8) � û . Ç � r�� � ]« ���� � ��µCÍn� � « � ] S � � �� « S � �5� _ û � Ç � r�� � ] � ] µ � r/� � «] � . r�� � « ��� ���� � � � Í
(see formula (III.7) from Appendix III in [21]) in order to get� îÂï1ò� R �
	�S � �w� � � S � � �-R}P R�#P � � S � � � R �G���W� R � R î R o . ò � û . ^ � r � R ��P � � R o . S � S � � �5	 � � P ` F
Comparing this formula with the expression for the little � -Jacobi polynomials (3.3) one
arrives at (5.5).

One can now prove (5.7) by induction with the aid of (5.8) and the recurrence relation
(5.2). Indeed, since �ßîÂï2ò^ �
	 S � �mtV� and ! ^ �4P��w�÷� , one obtains from (5.2) that �´îÂï2ò. �
	 S � �w�	 . As the next step use the fact that � îÂï1ò� �
	�S � �¹� _ û�� � � r � �-P � _ �5	 � S�P � � �-�QS � � � � � � to
evaluate from (5.2) explicitly that�´îÂï1ò_ �#	 S � �w�D	 _ û �_^ � r � ��P �-a �Q	 � S�P � � �J�QS � � � � ��` F
So, let us suppose that

(5.9) �ßîÂï1ò� R r . �#	 S � �w�D	 _ û � í � r � î R r . ò ��P � � R o . �Q	 � S�P � � ���QS � � � � � ö
for >��²�����Q�-�Q������� , and evaluate a sum ! r .� R �#P��Î	¤�´î ï1ò� R �
	�S � �/pø�G�m�O! r .� R �#P��5�-�´îÂï1ò� R r . �
	 S � � . As

follows from the recurrence relation (5.2), this sum should be equal to � îÂï1ò� R o . �
	 S � � . This is
the case because it is equal to	cbH! r .� R _ û � Ç � r � R �-P � � R o . �5	 �P � � �-� ���� � � � � � Í�pA�5�C�)! r .� R � _ û � Ç � r � î R r . ò �-P � � R o . �-	 �P � � �-� ���� � � � � � Íed
(5.10) �j	 _ û�� Ç � r � R ��P � � R o _ � 	 �P � � �}� ���� � � � � � Í �
if one takes into account readily verified identities! r .� R � � r � R S � � �5:øpn�G�)�¹! r .� R ��� � r � î R r . ò S � � �G:²� �)�¹P � � î R o�: ò o .�)�¹P � � R o . � � r � R S � � �G:´�

�)�¹P � � î R o�: ò o .���¹P � � R o . �4P � � R o . S � � �G:²�V�4P � � R o _ S � � �G:´�
for M � �Q�������Q�������/�T> . The right side of (5.10) does coincide with �ßîÂï2ò� R o . �
	�S � � , defined
by the same expression (5.9) with > ý >�p±� . Thus, it remains only to apply the same
transformation formula (5.8) in order to arrive at (5.6). Proposition is proved.

Remark. Observe that in the process of proving formula (5.6), we established a quadratic
transformation

(5.11)
_ ûJ� Ç � r � R r . ��P � � R o � �5	� P � ��� � P � ���� � � � Í �A	 _ ûJ� Ç � r � R �-P � � R o _ �5	 �P � � ��� ���� � � � � � Í
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for the terminating basic hypergeometric polynomials
_ û�� with >��D����������������� . The left side

in (5.11) defines the polynomials �ßîÂï1ò� R o . �#	 S � � by (5.1), whereas the right side follows from
the expression (5.10) for the same polynomials. The formula (5.11) represents an extension
of Singh’s quadratic transformation (5.7) to the case when P � � � r � R r . and, therefore, the
left side in (5.7) terminates, but the right side does not.

It follows from (5.4)–(5.6) that

(5.12) ÿ�´îÂï1ò� R �#	 S � �w� � � S � � �-R}P R�5�þP � � S � � � R �5���W� R � R î R o . ò ��R��#	 � � P � � S � r . ���þP�u � � �1�
(5.13) ÿ�´îÂï1ò� R o . �
	�S � �w� � � _ S � � �5R}P R�G�þP � � S � � � R �G���s� R � R î R o . ò 	3��R��#	 � � P � � S � ���þP�u � � � F
In particular, it is clear from these formulas that the polynomials ÿ� îÂï1ò� �#	 S � � are real-valued
for 	21O§ and P £ � .

5.2. Orthogonality relations for discrete � -ultraspherical polynomials. Since the
polynomials �ßîÂï1ò� �#	 S � � are a particular case of the big � -Jacobi polynomials, an orthogo-
nality relation for them follows from (4.16). Setting Pg� ] �ä� « , P £ � , into (4.16) and
considering the case when MÞ�¬�> and M ¨ �¬�f> ¨ , one verifies that two sums on the left of
(4.16) coincide (since P ] � « �ª�þP°� « ) and we obtain the following orthogonality relation
for �´îÂï2ò� R �
	�S � � : z< Ü { ^ �#P � � S � � � Ü � Ü� � � S � � � Ü �´îÂï1ò� R � � P � Ü o . S � �Q�´îÂï1ò� R > � � P � Ü o . S � �

� �#P � _ S � � � z� � S � � � z �G���þP � �GP � R���þP ��� R o . � � S � � � R � R î � R o _ ò�4P � S � � � R @WR2R > �
where

� P , P £ � , denotes a positive value of the root. Thus, the family of polynomials� îÂï1ò� R �#	 S � � , >��¬�Q���C���Q������� , with � N P NV� r � , is orthogonal on the set of points
� P � Ü o . ,N¤�A�Q�������Q������� .

As we know, the polynomials �ßî ï1ò� R �
	�S � � are functions in 	 � , that is, �ßîÂï1ò� R � � P � Ü o . S � � is
in fact a function in P � � Ü o � . The set of functions �ßîÂï1ò� R �#	 S � � , >��B�Q�������Q������� , constitutes a
complete basis in the Hilbert space 6 � of functions Ô}�#	 � � with the scalar product�4Ô . ��Ô � �3� z< Ü { ^ �#P � ��S � ��� Ü � Ü� � � S � � � Ü Ô . �4P � � Ü o � � Ô � �4P � � Ü o � � F
This result can be obtained from the orthogonality relation for the little � -Jacobi polynomials,
if one takes into account formula (5.5).

Putting P¢� ] �Ï� « , P £ � , into (4.16) and considering the case when Mâ�y�f>�pn� andM�¨��V�f>Q¨8pÕ� , one verifies that two sums on the left of (4.16) again coincide and we obtain
the following orthogonality relation for � îÂï1ò� R o . �
	�S � � :z< Ü { ^ �#P � � S � � � Ü � Ü� � � S � � � Ü �´îÂï1ò� R o . � � P � Ü o . S � �Q�´î ï1ò� R > o . � � P � Ü o . S � �
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142 N. M. ATAKISHIYEV AND A. U. KLIMYK� �4P � _ S � �s� z� � S � � � z �5�)��P � ��P8� R o .�5�)��P � � R o _ � � � S � � � R o .�#P � S � � � R o . � î R o � òÎî � R o . ò @�R2R >-F
The polynomials � îÂï1ò� R o . �#	 S � � , >��n�Q�������Q������� , with � N P Nø� r � , are thus orthogonal on the
set of points

� P � Ü o . , N¤�n�Q���C�6��������� .
The polynomials 	 r . � î ï1ò� R o . �
	�S � � are functions in 	 � , that is, 	 r . � îÂï1ò� R o . � � P � Ü o . S � �

are in fact functions in P � � Ü o � . The collection of functions �IîÂï1ò� R o . �#	 S � � , >D�â�Q�������Q������� ,
constitute a complete basis in the Hilbert space 6 � of functions of the form ·��#	��|�±	�Ô}�
	 � �
with the scalar product�#·H.*��· � �3� z< Ü { ^ �4P � � S � � � Ü � Ü� � � S � � � Ü ·H.E� � P � Ü o . � · � � � P � Ü o . � F
Again, this result can be obtained from the orthogonality relation for the little � -Jacobi poly-
nomials if one takes into account formula (5.6).

We have shown that the polynomials �IîÂï1ò� R �#	 S � � , >I�A�Q���C���Q������� , as well as the polynomi-
als �´îÂï1ò� R o . �
	 S � � , >��D����������������� , are orthogonal on the set of points

� P � Ü o . , N¤�A�Q�������Q������� .
However, the polynomials � î ï1ò� R �
	�S � � , >¢�n�Q�������Q������� , are not orthogonal to the polynomials� îÂï1ò� R o . �#	 S � � , >I�A�Q���C���Q������� , on this set of points. In order to obtain an orthogonality for the

whole collection of the polynomials �IîÂï1ò� �
	�S � � , j�A�����C�6��������� , one has to consider them on
the set of points ¼ � P � Ü o . , N¤�D����������������� . Since the polynomials from the first set are even
and the polynomials from the second set are odd, for each >/�#>J¨R1DKW�����C�6���������6L the infinite
sum %�.)t z< Ü { ^ �#P � � S � � � Ü � Ü� � � S � � � Ü �´î ï1ò� R � � P � Ü o . S � �Q�´îÂï2ò� R > o . � � P � Ü o . S � �
coincides with the following one% � tV� z<Ü { ^ �4P � � S � � � Ü � Ü� � � S � � � Ü � îÂï1ò� R �G� � P � Ü o . S � �Q� îÂï1ò� R > o . �G� � P � Ü o . S � � F
Therefore, %W.��¹% � �n� . This gives the orthogonality of polynomials from the set ��îÂï1ò� R �
	�S � � ,>°���Q�������Q������� , with respect to the polynomials from the set �Iî ï1ò� R o . �
	�S � � , >°���Q�������Q������� .
The orthogonality relation for the whole set of polynomials � îÂï1ò� �#	 S � � , g�÷�Q���C�6��������� , can
be written in the formz< Ü { ^ <Å {.g . �#P � � S � � � Ü � Ü� � � S � � � Ü � îÂï1ò� �
Ì � P � Ü o . S � �Q�´îÂï2ò�E> �ÙÌ � P � Ü o . S � �

� �#P � _ S � � � z� � S � � � z �G�)�¹P � �QP ��G�þ�¹P � � �Eo . � � � S � �5� � � î �Eo _ ò é ��4P � S � � � @��E�E> F
We thus see that the polynomials �IîÂï1ò� �#	 S � � , ��A����������������� , with � N P Nø� r � are orthogo-
nal on the set of points ¼ � P � Ü o . , N|�A����������������� .

An orthogonality relation for the polynomials ÿ�´îÂï1ò� �
	�S � � , ��÷�����C�6��������� , is derived by
using the relations (5.12), (5.13), and the orthogonality relation for the little � -Jacobi polyno-
mials. Writing down the orthogonality relation (3.12) for the polynomials �/R8�#	 � � P � � S � r . �
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DUALITY OF � -POLYNOMIALS, ORTHOGONAL ON COUNTABLE SETS OF POINTS 143�þP�u � � � and using the relation (5.12), one finds an orthogonality relation for the set of poly-
nomials ÿ� îÂï1ò� R �
	�S � � , >��A����������������� , with P £ � . It has the formz< Ü { ^ �G�þP � � S � � � Ü � Ü� � � S � � � Ü ÿ�´î ï1ò� R � � P � Ü o . S � �´ÿ�´îÂï2ò� R > � � P � Ü o . S � �

� �G�þP � _ S � ��� z� � S � � � z �G�mp�P � �QP&� R�G�mp�P ��� R o . � � � S � � � R�G�þP � S � � � R � R î � R o _ ò @WR2R >-F
Consequently, the family of polynomials ÿ� îÂï2ò� R �
	 S � � , >��n����������������� , is orthogonal on the set
of points

� P � Ü o . , N|�A�����C�6��������� .
As in the case of polynomials � îÂï1ò� R �#	 S � � , >��Ñ�Q���C�6��������� , the set ÿ� îÂï2ò� R �
	 S � � , >ê��Q���C���Q������� , is complete in the Hilbert space of functions Ô}�
	 � � with the corresponding scalar

product.
Similarly, using formula (5.13) and the orthogonality relation for the little � -Jacobi poly-

nomials �/R8�
	 � � P � � S � ���þP�u � � � , we find the orthogonality relationz< Ü { ^ �5�þP � � S � � � Ü � Ü� � � S � � � Ü ÿ� îÂï1ò� R o . � � P � Ü o . S � �ßÿ� îÂï1ò� R > o . � � P � Ü o . S � �
� �G�þP � _ S � � � z� � S � � � z �5��p�P � �QP � R o .�5��pqP � � R o _ � � � S � � � R o .�G�þP � S � � � R o . � î R o � òÎî � R o . ò @ R2R >

for the set of polynomials ÿ�´î ï1ò� R o . �
	�S � � , >g�å�Q���C���Q������� . We see from this relation that forP £ � the polynomials ÿ� îÂï1ò� R o . �#	 S � � , >��n�Q�������Q������� , are orthogonal on the same set of points� P � Ü o . , N|�D�����C�6��������� .
Thus, the polynomials ÿ� îÂï2ò� R �
	 S � � , >��D�����C�6��������� , as well as the polynomials ÿ� î ï1ò� R o . �
	�S � � ,>j�V����������������� , are orthogonal on the set of points

� P � Ü o . , Nß�Ï�Q���C���Q������� . However, the
polynomials ÿ�´îÂï2ò� R �
	�S � � , >��y����������������� , are not orthogonal to the polynomials ÿ�´î ï1ò� R o . �
	�S � � ,>n� �Q���C���Q������� , on this set of points. As in the previous case, in order to prove that the
polynomials ÿ�´î ï1ò� R �
	�S � � , >Ï� �Q���C���Q������� , are orthogonal to the polynomials ÿ�´î ï1ò� R o . �
	�S � � ,>q�®�Q�������Q������� , one has to consider them on the set of points ¼ � P � Ü o . , NO�å����������������� .
Since the polynomials from the first set are even and the polynomials from the second set are
odd, then the infinite sum% . t z< Ü { ^ �G�þP � �CS � �s� Ü � Ü� � � S � � � Ü ÿ� îÂï1ò� R � � P � Ü o . S � �ßÿ� îÂï1ò� R > o . � � P � Ü o . S � �
coincides with the sum% � t²� z<Ü { ^ �G�þP � � S � � � Ü � Ü� � � S � � � Ü ÿ� î ï1ò� R �G� � P � Ü o . S � �ßÿ� îÂï1ò� R > o . �G� � P � Ü o . S � � F
Consequently, %W.*�¤% � �D� . This gives the mutual orthogonality of the polynomials ÿ�´î ï1ò� R �
	�S � � ,>��³�Q���C�6��������� , to the polynomials ÿ�´îÂï1ò� R o . �#	 S � � , >��³�Q���C�6��������� . Thus, the orthogonality
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relation for the whole set of polynomials ÿ�´îÂï1ò� �#	 S � � , �������������������� , can be written in the
form z< Ü { ^ <Å {hg . �5�þP � � S � � � Ü � Ü� � � S � � � Ü ÿ� îÂï2ò� �ÙÌ � P � Ü o . S � �ßÿ� îÂï1ò�C> �
Ì � P � Ü o . S � �
(5.14) � �G�þP � _ S � � � z� � S � � � z �G�mp�P � ��P ��G��p�P � � �Co . � � � S � �5��G�þP � S � � � � � î �Eo _ ò é � @��C�E> F
Note that the family of polynomials ÿ� îÂï2ò� �
	 S � � , y�©�Q���C�6��������� , corresponds to the deter-
minate moment problem, since the set of orthogonality is bounded. Thus, the orthogonality
measure in (5.14) is unique.

In fact, formula (5.14) extends the orthogonality relation for the big � -Jacobi polynomials;����
	 S�P��-P����þP�S � � to a new domain of values of the parameter P .

5.3. Dual discrete � -ultraspherical polynomials. The polynomials (4.23) are dual to
the big � -Jacobi polynomials (4.2). Let us set PU� ] ��� « in the polynomials (4.23), as we
made before in the polynomials (4.2). This gives the polynomials¶ îÂï ü ò� �
�3�#	 S�P � ��u � � T �A¶ � �#�3�
	 S�P � �2S-P��-P����þP�u � �
(5.15) T � _ û�� Ç � r�� �-P � � ��o . � � r/�P � ���þP � ���� � ��� � �Eo . Í �
where �3�#	 S�P � �w� � r�� p�P � � �Wo . . They satisfy the three-term recurrence relation� � r�� p�P � ��o . ��¶ î ï1ò� �
�3�#	 S-P���u � ���²� � r � �8r . �G�)�¹P � � �Eo � ��¶�îÂï1ò�Eo . �
�3�#	 S�P8��u � �

p � r � �8r . �G�mp � ��¶ îÂï2ò� �
�3�
	�S-P���u � �H� � r � � �G�þ� � � � �Q¶ îÂï1ò��r . �#�3�
	�S-P���u � �1�
which follows from the recurrence relation for the polynomials ¶ � �#�3�
	�S-P ] �1S�P�� ] � « u � � from
section 4.3.

For the polynomials ¶�îÂï ü ò� �
�3�#	 S-P � ��u � � with imaginary P we introduce the notationÿ¶ î ï ü ò� �#�3�
	 S��þP � ��u � � T �A¶ � �#�3�
	 S��þP � �2S5Á PJ�-ÁÂP����)ÁÂP�u � �
(5.16) T � _ û � Ç � r�� ���þP � � ��o . � � r/�Á P � ���)Á P � ���� � ��� � �Co . Í F
The polynomials ÿ¶Oî ï1ò� �
�3�#	 S��þP � ��u � � satisfy the recurrence relation� � r�� �¹P � ��o . �ßÿ¶ îÂï2ò� �
�3�
	�S��þP���u � �w�V� � r � �8r . �5�mpqP � � �Eo � ��ÿ¶ îÂï1ò�Co . �#�3�
	�S��þP���u � �

p � r � �8r . �G��p � � ÿ¶ î ï1ò� �
�3�#	 S��þP���u � �}� � r � � �G�þ� � � � � ÿ¶OîÂï1ò��r . �#�3�
	�S��þP���u � � F
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It is obvious from this relation that the polynomials ÿ¶�îÂï1ò� �
�3�#	 S��þP8��u � � are real for 	]1O§ andP £ � . For P £ � these polynomials satisfy the conditions of Favard’s theorem and, therefore,
they are orthogonal.

PROPOSITION 5.2. The following expressions for the dual discrete � -ultraspherical poly-
nomials (5.15) hold:¶ îÂï1ò� �#�3�4�f>�S-P���u � �w�D¦ � �#�3�8>/S � r . P��2S � r . �-P�u � � �
(5.17) � _ û . Ç � r � R ��P � � R o . � � r � �P � � ���� � � � � � �Eo . Íg�¶ îÂï1ò� �#�3�4�f>�pA�CS�P8��u � �m� � � ¦ � �
�3�O>/S � P��1S � �-P�u � � �
(5.18) � � � _ û . Ç � r � R ��P � � R o _ � � r � �P � � ���� � � � � � �8r . Íê�
where > are nonnegative integers and ¦ � �#�3�
	 S ] « �2S ] � « u � � are the dual little � -Jacobi polyno-
mials (3.17).

Proof. Applying to the right side of (5.15) the formula (III.13) from Appendix III in [21]
and then Singh’s quadratic relation (5.7) for terminating

_ û�� series, after some transforma-
tions one obtains¶ îÂï ü ò� �
�3���f>/S�P � ��u � �w�DP r � R � r R î � R o . ò _ û � Ç � r � R �}P � � � R o . �}P � � � �Eo �P � � � �}� ���� � � � � � Í F
Now apply the relation (0.6.26) from [27] in order to get¶ î ï ü ò� �#�3�4�f>�S-P � ��u � �w� � � r � R o . S � � � R�#P � � � S � � �5R ��û . Ç � r � R ��P � � � R o .� ���� � � � � � �Eo � Í F
Using formula (III.8) of Appendix III from [21], one arrives at the expression for the polyno-
mials ¶ îÂï ü ò� �
�3�4�>/S-P8�W��u � � in terms of the basic hypergeometric function from (5.17), coincid-
ing with ¦ � �
�3�8>�S � r . P � �1S � r . �-P � u � � � .

The formula (5.18) is proved in the same way by using the relation (5.11). Proposition is
proved.

For the polynomials ÿ¶OîÂï2ò� �
�3�
M�S��þP���u � � with nonnegative integers M , we have the ex-
pressions ÿ¶ îÂï1ò� �
�3���f>/S��þP���u � �3�A¦&���
�3�O>/S�� � r . P��1S � r . ���þP�u � � �
(5.19) � _ û . Ç � r � R �w�þP � � R o . � � r � ��þP � � ���� � � � � � �Eo . Í �ÿ¶ î ï1ò� �
�3���f>�p7�CS��þP���u � �3� � � ¦&���
�3�O>/S�� � P��1S � ���þP�u � � �
(5.20) � � � _ û . Ç � r � R ���þP � � R o _ � � r � ��þP � � ���� � � � � � �8r . Í F

It is plain from the explicit formulas that the polynomials ¶ îÂï1ò� �#�3�
M���u � � andÿ¶OîÂï1ò� �#�3�
M���u � � are rational functions of P .
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5.4. Orthogonality relations for dual discrete � -ultraspherical polynomials. An ex-
ample of the orthogonality relation for¶ îÂï ü ò� �#�3�
	�S-P � ��u � �mtA¶ � �
�3�#	 S�P � �1S�P��-P����þP�u � �1�¯� N P Nø� r . �
has been discussed in section 4. However, these polynomials correspond to the indeterminate
moment problem and, therefore, this orthogonality relation is not unique. Let us find other
orthogonality relations. In order to derive them we take into account the relations (5.17)
and (5.18), and the orthogonality relation (3.18) for the dual little � -Jacobi polynomials. By
means of formula (5.17), we arrive at the following orthogonality relation for � N P N�� r � :z<R { ^ �G�)�¹P � � R o . �2�4P � S � � � R�G�)�¹P � �2� � S � � � R � R î � R r . ò ¶ îÂï1ò� �
�3���f>Q��u � �Q¶ îÂï1ò� > �#�3�4�>Q��u � �

� �#P � _ S � � � z� � S � � � z � � � S � � � � � r���#P � � S � � �G� @ �C�E> �
where �3�4�>Q�3tA�3�4�f>�S-P�� . The relation (5.18) leads to the orthogonality, which can be written
in the formz<R { ^ �G�)�¹P � � R o _ ���#P � S � � � R o .�G�)�¹P � �2� � S � � � R o . � R î � R o . ò ¶ î ï1ò� �
�3���f>�pD�s��u � ��¶ îÂï2ò� > �
�3�4�>$pD�s��u � �

� �4P � _ S � �W� z� � S � � � z � � �CS � ���G� � r/��#P � � S � � � � @ �E�E> �
where �3���f>�pA�W�3t��3���f>�pA�CS-P�� and � N P N�� r � .

Thus, we have obtained two orthogonality relations for the polynomials¶OîÂï2ò� �
�3�
	�S-P���u � � , � N P N�� r � , one on the lattice �3�4�>/S-P��Ht � r � R pUP � � R o . , >��A�Q�������Q������� ,
and another on the lattice �3���f>3p �CS�P��}t � r � R r . pUP � � R o _ , >��n�Q�������Q������� . The correspond-
ing orthogonality measures are extremal since they are extremal for the dual little � -Jacobi
polynomials from formulas (5.17) and (5.18) (see section 3).

The polynomials ÿ¶ îÂï1ò� �#�3�
	�S-P���u � � also correspond to the indeterminate moment problem
and, therefore, they have infinitely many positive orthogonality measures. Some of their or-
thogonality relations can be derived in the same manner as for the polynomials ¶°îÂï1ò� �
�3�#	���u � �
by using the connection (5.19) and (5.20) of these polynomials with the dual little � -Jacobi
polynomials (3.17). The relation (5.19) leads to the orthogonality relationz<R { ^ �G�*p|P � � R o . �2�5�þP � S � � � R�G�mp�P � �2� � S � � � R � R î � R r . ò ÿ¶ î ï1ò� �
�3���f>Q��u � � ÿ¶�îÂï1ò�E> �#�3�4�f>���u � �

� �5�þP � _ S � � � z� � S � � � z � � � S � � � � � r/��G�þP � � S � � �G� @ �E�E> �
where �3�4�>Q�ßt©�3�4�f>�S��þP�� , and the relation (5.20) gives rise to the orthogonality relation,
which can be written in the formz<R { ^ �5��pqP � � R o _ �2�G�þP � S � � � R o .�G�mp�P � �2� � S � � � R o . � R î � R o . ò ÿ¶ îÂï1ò� �#�3�4�f>$pA�W��u � �ßÿ¶ îÂï1ò� > �#�3�4�f>�pA�W��u � �
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where �3�4�>$pD�s�HtD�3���f>�pD��S��þP�� . In both cases, P is any positive number.

Thus, in the case of the polynomials ÿ¶ îÂï1ò� �#�3�
	 S��þP���u � � we also have two orthogonality
relations. The corresponding orthogonality measures are extremal since they are extremal for
the dual little � -Jacobi polynomials from formulas (5.19) and (5.20).

Note that the extremal measures for the polynomials ¶ îÂï2ò� �
�3�
	/��u � � andÿ¶ îÂï1ò� �#�3�
	/��u � � , discussed in this section, can be used for constructing self-adjoint extensions
of the closed symmetric operators, connected with the three-term recurrence relations for
these polynomials and representable in an appropriate basis by a Jacobi matrix (details of
such construction are given in [15], Chapter VII). These operators are representation opera-
tors for discrete series representations of the quantum algebra ' ( �4+5, .60 . � (see, for example,
[26] for a description of this algebra). Moreover, the parameter P for these polynomials is
connected with the number i , which characterizes the corresponding representation j = of the
discrete series.

5.5. Other orthogonality relations. The polynomials ¶ îÂï1ò� �#�3�
	�S-P���u � � and the polyno-
mials ÿ¶Oî ï1ò� �
�3�#	 S��þP���u � � correspond to the indeterminate moment problems. For this reason,
there exist infinitely many orthogonality relations for them. Let us derive some set of these
relations for the polynomials ÿ¶ îÂï1ò� �#�3�
	 S��þP���u � � , by using orthogonality relations for the poly-
nomials (5.18) in [17]. These polynomials are (up to a factor) of the form

(5.21) 9/���-�#l�k)�¹l r k�� � ��S-º . �5º � u � �3� _ û . Ç � l k � º . ��� � l r k � º . � � r/�� � � � º-.1º � ���� � � � � º . � º � Í
and orthogonality relations, parameterized by a number ¦ , � B ¦ N � , are given by the
formulaz<�E{}r z �G�)º-. � r�� � ¦J�5º-. � � ¦����)º � � r/� � ¦J�5º � � � ¦�S � � z�G�)º . º � � � S � � z ¦ � � � � î � �8r . ò �G�mp�¦ � � � � ��G�þ¦ � S � � z �5� � � ¦ � S � � z � � S � � z
(5.22)æH9�l ^ �#¦ r . � r�� �¹¦ � � � � ��S-º-.s�-º � ` 9 Ü ^ �4¦ r . � r/� �¹¦ � � � � �QS5º-.*�5º � ` � � � S � �Dl��
º-. � º � � l�G� � � � º . º � S � � l � l @�l Ü F
The orthogonality measure here is positive for º . �5º � 1V§ and º . º � £ � . It is not known
whether these measures are extremal or not.

In order to use this orthogonality relation for the polynomials ÿ¶�îÂï1ò� �
�3�#	 S��þP8��u � � , let us
consider the transformation formula_ û � Ç � r � R ���þP8� � � R o . � � r/�Á P � ���)ÁÂP � ���� � ��� � �Co . Í
(5.23) � _ û . Ç � r � R ���þP � � � R o . � � r � ��þP � � � ���� � � � � � �Eo . Í �
which is true for any nonnegative integer values of > . It is obtained by equating two expres-
sions (5.16) and (5.19) for the dual discrete � -ultraspherical polynomials ÿ¶OîÂï2ò� �
�3�4�>/S��þP���u � � .
Observe that (5.23) is still valid if one replaces numerator parameters � r � R and �þP � � � R o .
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in both sides of it by « r . � r � R and � « P � � � R o . , « 1nm , respectively. Indeed, the left side of
(5.23) represents a finite sum:

(5.24)
_ û�� � � r�� � 4 � � ShU���@8S � ��µ&� T � �<:={ ^ � � r�� � 4 � � S � � :�?U���@*� � S � � : µ : F

In the case in question
4 � � r � R and � �Ï�þP � � � R o . , so the � -shifted factorial � 4 � � S � � : in

(5.24) is equal to � � r � R ���þP � � � R o . S � � :
� :¤r .ÝÖ { ^ ~ �)�¹P � � � Ö o . � � Ö � � r � R �¹P � � � R o . � � � :�r .ÝÖ { ^ ~ �)��P � � � Ö o . � � Ö �3���f>/S��þP � � � �

where, as before, �3���f>/S��þP � �7� � r � R �øP � � � R o . . The left side in (5.23) thus represents a
polynomial �����
	/� in the �3���f>/S��þP � � of degree  . In a similar manner, one easily verifies that
the right side of (5.23) also represents a polynomial �/¨� �
	/� in the same �3���f>/S��þP � � of degree . In other words, the transformation formula (5.23) states that the polynomials �/���
	�� and�J¨� �#	�� are equal to each other on the infinite set of distinct points 	�R��ê�3�4�f>�S��þP � � . Thus,
they are identical.

An immediate consequence of this statement is that (5.23) still holds if one replaces the
numerator parameters � r � R and P � � � R o . in both sides of (5.23) by « r . � r � R and « P � � � R o . ,
respectively. The point is that� « r . � r � R ��� « P � � � R o . S � �G:²� :¤r .ÝÖ { ^ ~ �)��P � � � Ö o . � � Ö � « r . � r � R � « P � � � R o . � �

� :¤r .ÝÖ { ^ ~ �)��P � � � Ö o . � � Ö �.@W�4�>/S��þP � � � �
where �.@W�4�>/S��þP � �¢� « r . � r � R � « P � � � R o . . So, the replacements � r � R ý`« r . � r � R andP � � � R o . ýÀ« P � � � R o . change only the variable: �3�4�f>�S��þP � � ý � @ ���f>/S��þP � � , whereas all
other parameters in both sides of (5.23) are unaltered. Thus, our statement is proved.

We are now in a position to establish other orthogonality relations for the polynomialsÿ¶ îÂï2ò� �
�3�
	�S��þP���u � � , distinct from those, obtained in subsection 5.4. To achieve this, we use the
fact that the polynomials ÿ¶�îÂï1ò� �
�3�#	 S��þP8��u � � at the points 	O�Õ	 î J òR T �²�f>´�¹¿ � � � P � � ¦8� � ¿ �)�
are equal toÿ¶ îÂï1ò� �#�3�
	 î J òR S��þP���u � �3� _ û � Ç � r � R ¦ r . � P � �w� � � R ¦ � P � � � r��Á � P � ���)Á � P � ���� � ��� � �Eo . Í �
where �3�
	 î J òR S��þP��q� � P � ^ ¦ r . � r � R �¹¦ � � R ` . From (5.21) and (5.23) (with � r � R and�þP � � � R o . replaced by ¦ r . � r � R and �þ¦�P � � � R o . , respectively) it then follows thatÿ¶ îÂï1ò� �#�3�
	 î J òR S��þP���u � �3�A9���í&�#¦ r . � r � R ��¦ � � R � � �QS � � _ � P�� � � � P|u � � ö F
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Hence, from the orthogonality relations (5.22) one obtains infinite number of orthogonality
relations for the polynomials ÿ¶�îÂï1ò� �
�3�#	 S��þP8��u � � , which are parameterized by the same ¦ as in
(5.22). They are of the formz<�E{}r z �5�)º-. � r � � � ¦J�5º-. � � � ¦J���)º � � r � � � ¦J�5º � � � � ¦JS � � � z�5�)º . º � � � � S � � � z ¦ � � � � � î � �8r . ò �G�mp�¦ � � � � ��5�þ¦ � S � � � z �G� � � � ¦ � S � � � z � � � S � � � z
(5.25) æ ÿ¶ îÂï1òl �#�3�
	 î J ò� S��þP���u � � ÿ¶ î ï1òÜ �
�3�
	 î J ò� S��þP8��u � �3� � � � S � � � l�G� � � P�S � � � �l @�l Ü �
where º-.�� � � _ � P and º � � � � � P .

There exist yet another connection of the polynomials ÿ¶ îÂï1ò� �#�3�
	���u � � with the polynomi-
als (5.21). In order to obtain it we consider the relation_ û � Ç � r � R r . ���þP � � � R o � � � r/�Á P � ���)ÁÂP � ���� � ��� � �Eo . Í
(5.26) � � � _ û . Ç � r � R ���þP � � � R o _ � � r � ��þP � � � ���� � � � � � ��r . Í F
This relation is true for nonnegative integer values of > . However, it can be proved (in the
same way as in the case of formula (5.23)) that it holds also if we replace � � R and � r � R by«2� � R and « r . � r � R , respectively.

As in the previous case, we put 	U�D	�î J òR T �n�> �»¿ � � � P � � ¦8� � ¿ �)� , that is, �3�#	�î J òR S��þP��H�� P � ^ ¦ r . � r � R ��¦ � � R ` . Then by means of formula (5.26) (with � r � R and � � R replaced by¦ r . � r � R and ¦ � � R , respectively), we derive thatÿ¶ î ï1ò� �
�3�#	 î J òR S��þP8��u � �3� � � 9����-�#¦ r . � r � R ��¦ � � R � � �QS � � � P�� � � _ � P/u � � � F
We may apply to the polynomials 9 � �#	 S � � � P�� � � _ � P/u � � � the orthogonality relations (5.22)
and obtain an infinite number of orthogonality relations for the polynomials ÿ¶ îÂï1ò� �#�3�
ìQ��u � � .
However, they coincide with the orthogonality relations (5.25).

It is important to know whether an orthogonality measure for polynomials is extremal
or not. The extremality of the measures in (5.25) for the polynomials ÿ¶�îÂï1ò� �
� @ �#	 S��þP���u � �
depends on the extremality of the orthogonality measures in (5.22) for the polynomials (5.21).
If some of the measures in (5.22) are extremal, then the corresponding measures in (5.25) are
also extremal.

6. Duality of big � -Laguerre and � -Meixner polynomials.

6.1. Operators related to big � -Laguerre polynomials. Let k têk ï be the Hilbert
space of functions, introduced in subsection 3.1, which is fixed by a real number P , such that� N P Nø� r . . In this section we are interested in the operator

(6.1) ! Ô*���Aù��Eo . Ô*�Eo . pgùW�QÔ*�8r . pq¦&�QÔ*�/�
where ù � �Ï�G�þP ] � �Eo � � .-é � � �G�)� � � �2�5�)��P � � �2�5�þ� ] � � �1�¦ � �V�þP ] � � �Eo . �G��p � ��p � �Eo . �#P|p�P ] p ] �2�
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]

is a fixed negative number.
Since ��N � the operator ! is bounded. Therefore, one can close this operator and we

assume in what follows that ! is a closed (and consequently defined on the whole space k )
operator. Since ! is symmetric, its closure is a self-adjoint operator. In the same way as in
subsection 3.1, one readily proves that ! is a Hilbert–Schmidt operator. Therefore, ! has the
discrete spectrum.

We wish to find eigenfunctions ���J�#	�� of the operator ! , !o�����
	/�w�Õú������#	�� . We set

�����
	/�w� z<�E{ ^ P � ��úJ�-Ô � �
	/� F
Acting by ! upon both sides of this relation, one derives thatz<�E{ ^ P8����úJ� ~ ùW�Eo . Ô*�Eo . pqù��þÔ*��r . p�¦��)Ô*� � �Õú z<�C{ ^ P8���4ú��5ÔE� F
Comparing coefficients of a fixed ÔC� , one obtains a three-term recurrence relation for theP8���4ú�� : ù �Co ./P �Eo .E�4ú���pqù � P �8r .E�4ú���p�¦ � P � �4ú��w�ÕúþP � �4ú�� F
Making the substitutionP � �4ú��w�÷�5�þP ] � r�� é � � r�� î �Co _ ò é � Ç �#P � � ] � S � �G�� � S � � � Í .-é � P ¨� �4ú��
and using the explicit expressions for the ùs� and ¦&� , we derive the relation�G�)�¹P � �Co . ���G�)� ] � �Eo . ��P ¨�Eo . �4ú��H�¹P ] � �Co . �G�þ� � � ��P ¨�8r . �4ú�� p�¦ � P ¨� ��úJ�w�núþP ¨� ��úJ�2�
where, as before, � N P N÷� r . and

] N � . It coincides with the recurrence relation for the
big � -Laguerre polynomials, which are defined as; � ��ú�S�P�� ] S � � T � _ û � � � r�� ���Q�6ú�S3P � � ] � S � � � �
(6.2) �÷� � r�� � ] S � � r .� � û .C� � r/� �QP � � ú S�P � S � ��ú � ] �
(see formula (3.11.3) in [27]), that is, P8¨� ��úJ�w�A; � �4ú S-P�� ] S � � . Therefore,

(6.3) P � ��úJ�w�Ï�G�þP ] � r�� é � � r/� î �Eo _ ò é � Ç �4P � � ] � S � � �� � S � �G� Í .-é � ; � ��ú�S�PJ� ] S � � F
Thus, the eigenfunctions of the operator ! have the form

���J�
	��m� z<�E{ ^ �G�þP ] � r�� é � � r/� î �Eo _ ò é � Ç �4P � � ] � S � � �� � S � �G� Í .-é � ; � ��ú�S�P�� ] S � �QÔ � �
	/�
(6.4) � z<�C{ ^ �5� ] � r/� é � P r _ � é � � r�� î �Eo _ ò é � �#P � S � � �� � S � �G� � ] � S � � .-é �� ; � �4ú S-P�� ] S � �8	 � F
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Since the spectrum of the operator ! is discrete, only a countable set of these functions
belongs to the Hilbert space k . This discrete set of functions determines a spectrum of ! .

In order to be able to find a spectrum of the operator ! , we consider the linear operator� r � Ë which is diagonal in the basis KsÔ � L and is given by the formula� r � Ë Ô � �Ï�#P � � r .-é � � r�� Ô �
(see formula (3.1)). We have to find how the operator � r � Ë acts upon the eigenfunctions� � �
	/� of the operator ! (which belong to the Hilbert space k ). In order to do this one can
use the � -difference equation

(6.5) � r/� �G�)� � � �5ú � ������úJ���D�U�4ú��s�J��� � úJ�3� ~ ����úJ��pq¶j��úJ� � �����4ú���p�¶j�4ú��s����� � r . ú��
for the big � -Laguerre polynomials �/����úJ�mtA;����4ú S-P�� ] S � � , where�U�4ú��w�AP ] � �G���¹ú��1� ¶j��úJ�m�V��ú��¹P � ���4ú�� ] � � F
Multiply both sides of (6.5) by >��QÔ*���
	/� and sum up over  , where >&� are the coefficients of;�����ú�S�P�� ] S � � in the expression (6.3) for the coefficients P����4ú�� . Taking into account formula
(6.4) and the form of the operator � r � Ë in the basis K*Ô*�JL , one obtains the relation

(6.6) �4P � � .-é � � r � Ë ú � � � �#	��w�n����úJ�D� ( � �#	���� ~ ���4ú���p�¶j�4ú���� ú � � � � �#	��/p¹¶j��úJ��� ( " Ê � �#	��2�
where ����úJ� and ¶j��úJ� are the same as in (6.5).

6.2. Spectrum of ! and orthogonality of big � -Laguerre polynomials. The aim of
this subsection is to find a basis in the Hilbert space k , which consists of eigenfunctions of
the operator ! in a normalized form, and to derive explicitly the unitary matrix ' , connecting
this basis with the canonical basis ÔE� , j�n�Q�������Q������� , in k . This matrix directly leads to the
orthogonality relation for the big � -Laguerre polynomials.

Exactly as in section 4, one can show that for some value of ú (which belongs to the
spectrum) the last term on the right side of (6.6) has to vanish. There are two such values ofú : ú��ÕP � and úO� ] � , which are the roots of the equation ¶j�4ú����y� . Let us show that both
of these points are spectral points of the operator ! . Due to (6.2) we have;����#P � S�PJ� ] S � �H�Ï� � r/� � ] S � � r .� � �G� ] � � � � � î ��r . ò é �� ] � S � � � �

; � � ] � S-P�� ] S � �3� �G�þP � � � � � î �8r . ò é ��4P � S � �G� F
Hence, for the scalar product '?� ï (E�#	��2� � ï (��
	/�5v we have the expressionz<�E{ ^ �#P � � ] � S � �G��G�þP ] � � � � î �Eo _ ò é � � � S � �G� ; �� �4P � S-P�� ] S � �3� z<�C{ ^ �5� ] � P�� � � � î ��r . ò é � �#P � S � �5�� ] � S � � � � � S � � �
(6.7) �Õ. û .*�#P�S ] S � � ] � P��H� � ] � P�S � � z� ] S � � z N ½ F
Similarly, for '?� P (E�#	��1�)� P (C�#	��-v one has the expression

(6.8)
z<�E{ ^ �#P � � ] � S � � ��5�þP ] � � � � î �Eo _ ò é � � � S � � � ; �� � ] � S-P�� ] S � �3� �4P � ] S � � z�#P�S � � z N ½ F
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Thus, the values úU�AP � and ú�� ] � are the spectral points of the operator ! .
Let us find other spectral points of the operator ! . Setting ú°�ÏP � in (6.6), we see that

the operator � r � Ë transforms � ï (E�
	/� into a linear combination of the functions � ï ( ü �
	�� and� ï (C�
	/� . We have to show that � ï ( ü �#	�� belongs to the Hilbert space k , that is, that

'?� ï ( ü �)� ï ( ü v3� z<�E{ ^ �4P � � ] � S � � ��5�þP ] � � � � î �Co _ ò é � � � S � � � ; �� �4P � � S-P�� ] S � � N ½ F
In order to achieve this we note that since �4P � � S � �-R��V�4P � S � �5R��5����P � R o . � � �G� �IP � � , we have; � �4P � � S�PJ� ] S � �H� �<R { ^ �)��P � R o .�)�¹P � � � r/� S � �-R��#P � S � �5R�4P � S � � R � ] � S � � R � R� � S � � R

B ��)�¹P � �<R { ^ � � r/� S � � R �#P � S � � R�4P � S � �5R�� ] � S � �-R � R� � S � �5R �Ï�G�)�¹P � � r . ;����#P � S-P�� ] S � � F
Therefore, the series for '(� ï ( ü �)� ï ( ü v is majorized (up to the finite constant �5�|��P � � r . ) by
the corresponding series for '?� ï (*�)� ï (�v . Thus, � ï ( ü �#	�� is an eigenfunction of ! and the pointP � � belongs to the spectrum of the operator ! . Setting úU�ÕP � � in (6.6) and acting similarly,
one obtains that � ï ( C �#	�� is an eigenfunction of ! and the point P � _ belongs to the spectrum
of ! . Repeating this procedure, one sees that � ï ( ñ �#	�� , j�÷������������� , are eigenfunctions of !
and the set P � � , ø�®������������� , belongs to the spectrum of ! . Likewise, one concludes that� P ( ñ �
	�� , ��±�C�6��������� , are eigenfunctions of ! and the set

] � � , °�±�C�6��������� , belongs to the
spectrum of ! . So far we do not know whether the operator ! has other spectral points or
not. In order to solve this problem we shall proceed as in subsection 3.2.

The functions � ï ( ñ �#	�� and � P ( ñ �
	/� , ��å�C�6��������� , are linearly independent elements of
the Hilbert space k . Suppose that P � � and

] � � ,  �Ï�C�6��������� , constitute the whole spectrum
of the operator ! . Then the set of functions � ï ( ñ �#	�� and � P ( ñ �
	/� , A�ä�C���Q������� , is a basis
in the space k . Introducing the notations

* � T �E� ï ( ñ�F Ê �#	�� and
* ¨� T �G� P ( ñ�F Ê �#	�� , ê��Q���C�6��������� , and taking into account the relation ����úJ��p¹¶ �4ú�� ��ú � �AP ] � �G�3p � ���°ú � �4P ] pP|p ] � , we find from (6.6) that� r � Ë * � �DP r _ é � ] � r � �8r _ é � �G���þP � �Eo . � * �Eo .E�þP r _ é � � r � �8r _ é � ~ ] �5�sp � �1� � �Co . �4P ] p|PQp ] � � * �p P r _ é � ] � r � �8r .-é � �G�)� � � �2�5�þ�¹P � � � ] � * ��r .

for úU�AP � �Eo . , that is, for � ï ( ñ�F Ê �#	��w� * ���
	/� . Similarly,� r � Ë * ¨� �DP .-é � ] r . � r � �8r _ é � �5�þ� ] � �Eo . � * ¨�Eo . �¹P .5é � ] r . � r � �8r _ é �
æ ~ �wp � �¹P r . � �Eo . �4P ] p�P�p ] � � * ¨� p�P .5é � ] r . � r � ��r .-é � �G�)� � � �2�5�)� ] � � � P�� * ¨�8r .

for úU� ] � �Eo . , that is, for � P ( ñ�F Ê �#	��w� * ¨� �
	/� .
As we see, the matrix of the operator � r � Ë in the basis

* � �p� ï ( ñ�F Ê �#	�� , * ¨� �p� P ( ñ�F Ê �#	�� ,y�³�����C�6��������� , is not symmetric, although in the initial basis Ô � , Õ�©����������������� , it was
symmetric. The reason is that the matrix X T �Ï�5� ] :=� � z: 0 �E{ ^ � ] ¨:=� � z: 0 �C{ ^ � with entries] :=��T �DP : �#P � � �1� ] ¨:=� T �nP : � ] � � �1� M°�-��A�Q���C���Q�������/�
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where P8:ß�#¦ � � � , ¦´�nPJ� ] , are coefficients (6.3) in the expansion

� J1( ñ �
	/�w� < : P8:´�4¦ � � �QÔ*�/�
	/�
(see (6.4)), is not unitary. It maps the basis KsÔC��L into the basis K�� ï ( ñ�F Ê � � P ( ñ�F Ê L in the Hilbert
space k tªk ï . The nonunitarity of the matrix X is equivalent to the statement that the
basis

* � T �,� ï ( ñ�F Ê �
	�� , * ¨� T �q� P ( ñ�F Ê �
	�� , Õ�³�����C�6��������� , is not normalized. In order to
normalize it, we have to multiply

* � by appropriate numbers « � and
* ¨� by numbers « ¨� . Letë* � � « � * � , ë* ¨� � « ¨� * � , ��y�����C�6��������� , be a normalized basis. Then the operator � r � Ë is

symmetric in this basis and has the form� r � Ë ë* � � « r .�Co . « � P r _ é � ] � r � �8r _ é � �G����P � �Eo . �më* �Eo .�¹P r _ é � � r � �8r _ é � ~ ] �G�mp � �}� � �Eo . �4P ] pqP»p ] � � ë* �p « r .�8r . « � P r _ é � ] � r � �8r .5é � �G�)� � � �2�5�)��P � � � ] � ë* �8r .*�� r � Ë ë* ¨� � « ¨ r .�Eo . « ¨� P .5é � ] r . � r � �8r _ é � �G�)� ] � �Eo . ��ë* ¨�Eo . �gP .-é � ] r . � r � �8r _ é �æ ~ ��p � �OP r . � �Co . �4P ] p P�p ] � � ë* ¨� p « ¨ r .�8r . « ¨� P .-é � ] r . � r � �8r .-é � �5�H� � � ���G�H� ] � � � P��wë* ¨�8r . F
The symmetricity of the matrix of the operator � r � Ë in the basis K ë* � � ë* ¨� L means that« r .�Co . « � � r � ��r _ é � �G�)�¹P � �Eo . �w� « r .� « �Co . � r � �8r a é � �G�)� � �Eo . �2�G����P � �Eo . � ] �2�« ¨ r .�Eo . « ¨� � r � ��r _ é � �G�)� ] � �Eo . �3� « ¨ r .� « ¨�Eo . � r � �8r a é � �5�)� � �Eo . �2�5�þ� ] � �Eo . � P��1�
that is, « �« �8r . � K � �G�)�¹P � � ��G�)� � � �2�5�þ��P � � � ] � � « ¨�« ¨�8r . � K � �G�þ� ] � � ��G�)� � � �2�5�)� ] � � � P�� F
Thus,

(6.9) « � �A� Ç �4P � S � � � � ��#P � � ] � � S � �5� Í .-é �
and

(6.10) « ¨� �n� ¨ Ç � ] � S � � � � �� ] � � PJ� � S � � � Í
Êü �

where � and ��¨ are some constants.
Therefore, in the expansions

(6.11) ë� ï ( ñ �#	��wt³ë* � �
	/�w�y< : « � P : �4P � � �QÔ : �
	��m�Õ< : ë] :=� Ô : �#	��1�
(6.12) ë� ¨P ( ñ �#	��wt©ë* ���#	��w�Õ< : « ¨� P8:ß� ] � � �QÔE:´�#	��w�Õ< : ë] ¨:=� Ô*:´�
	��2�
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the matrix ëX T �Ï�5� ë] :��Q� z: 0 �E{ ^ � ë] ¨:�� � z: 0 �E{ ^ � with entries

ë] :=� � « � P : �#P � � �3�Õ� Ç �#P � S � �5� � ��#P � � ] � � S � � � �#P�� ] S � �G:� � S � � : �5�þP ] � : Í
Êü

(6.13) æ � r�: î :=o _ ò é � ;�:I�#P � �Eo . S-P�� ] S � �2�
ë] ¨:=� � « ¨� P&:ß� ] � � �-�»� ¨ Ç � ] � S � � � � ��-� ] � � P�� � S � � � �4P�� ] S � � :� � S � � : �5�þP ] � : Í

Êü
(6.14) æ � r/: î :=o _ ò é � ; : � ] � �Co . S�PJ� ] S � �2�
is unitary, provided that the constants � and � ¨ are appropriately chosen. In order to calculate
these constants, one can use the relationsz<:={ ^ u ë] :=��u � �V�3� z<:={ ^ u ë] ¨:=� u � �V�
for ��A� . Then these sums are multiples of the sums in (6.7) and (6.8), so we find that�÷� � ] � S � � .-é �z� ] � P�S � � .-é �z � � ¨ � �4P � S � � .-é �z�#P � ] S � � .-é �z F
The coefficients « � and « ¨� in (6.11)–(6.14) are thus real and equal to

(6.15) « � � Ç �#P � S � � � � ] � S � � z � ��#P � � ] � � S � �5��� ] � PJS � � z Í Êü
and

(6.16) « ¨� � Ç � ] � S � � � �#P � S � � z � �� ] � � P�� � S � � � �#P � ] S � � z Í Êü F
The orthogonality of the matrix ëXYtÏ�×ë] :=� ë] ¨:=� � means that

(6.17) < : ë] :=� ë] :=�E> �D@ �E�E> �B< : ë] ¨:=� ë] ¨:=� > �A@ �E�E> �å< : ë] :�� ë] ¨:�� > �n�Q�
(6.18) < � � ë] :�� ë] : > �$p ë] ¨:=� ë] ¨: > � �3�A@�:�: >ÎF
Substituting the expressions for ë] :=� and ë] ¨:=� into (6.18), one obtains the relation� ] � S � � z� ] � PJS � � z z<�E{ ^ �#P � S � � � � ��#P � � ] S � �G�/� � S � �G� ; : �#P � �Eo . S-P�� ] S � ��; :=> �#P � �Eo . S-P�� ] S � �
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DUALITY OF � -POLYNOMIALS, ORTHOGONAL ON COUNTABLE SETS OF POINTS 155p �#P � S � � z�#P � ] S � � z z<�E{ ^ � ] � S � � � � �� ] � � P�S � �5��� � S � �5� ; : � ] � �Eo . S�P�� ] S � ��; :=> � ] � �Eo . S-P�� ] S � �
(6.19) � � � S � � :�4P � � ] � S � � : �G�þP ] � : � : î :=o _ ò é � @�:=: > F
This identity must give an orthogonality relation for the big � -Laguerre polynomials ; : �
ìQ�3t; : �
ì/S�PJ� ] S � � . An only gap, which appears here, is the following. We have assumed that the
points P � � and

] � � , j�n�Q�������Q������� , exhaust the whole spectrum of the operator ! . As in the
case of the operator % � in section 4, if the operator ! had other spectral points 	 R , then on the
left-hand side of (6.20) would appear other summands �.� / ;�:ß�
	 R S-P�� ] S � ��;�: > �
	 R S�PJ� ] S � � ,
which correspond to these additional points. Let us show that these additional summands
do not appear. To this end we set MY�©M�¨��â� in the relation (6.19) with the additional
summands. This results in the equality� ] � S � � z� ] � P�S � � z z<�E{ ^ �#P � S � �5� � ��#P � � ] S � � � � � S � � � p �#P � S � � z�4P � ] S � � z z<�E{ ^ � ] � S � �G� � �� ] � � P�S � � � � � S � � � p < R �0��/|�V� F
In terms of the � û . basic hypergeometric series this identity can be written as� ] � S � � z� ] � P�S � � z �Wû . �#P � ���QS3P � � ] S � � � � p �#P � S � � z�4P � ] S � � z �Wû . � ] � ���QS ] � � PJS � � � ��p < R �0��/»�V� F
We recall that it represents a particular case of Sears’ three-term transformation formula for��û . �#P��-��S « S � � � � series (see [21], formula (3.3.5)) if �.��/|�n� for all values of > . Therefore, in
(6.19) the sum x R �0��/ does really vanish and formula (6.19) gives an orthogonality relation
for big � -Laguerre polynomials.

By using the operators ! and � r � Ë , we thus derived the orthogonality relation for big� -Laguerre polynomials.
The orthogonality relation (6.19) for big � -Laguerre polynomials enables one to formu-

late the following statement: The spectrum of the operator ! coincides with the set of pointsP � �Eo . and
] � �Eo . , g�V�Q�������Q������� . The spectrum is simple and has one accumulation point

at 0.

6.3. Dual polynomials and functions. The matrix X t÷� ë] :=� ë] ¨:=� � with entries (6.13)
and (6.14) is unitary and it connects two orthonormal bases in the Hilbert space k . The
relations (6.17) for its matrix elements is the orthogonality relation for the functions, which
are dual to the big � -Laguerre polynomials and are defined as

(6.20) Ô � � � r�: S-P�� ] u � � T �A; : �4P � �Eo . S-P�� ] S � �1�¬��n�Q���C�6���������/�
(6.21) r � � � r/: S�P�� ] u � � T �A; : � ] � �Eo . S-P�� ] S � �1�êj�D�Q���C�6��������� F
Taking into account the expressions for the entries ë] :=� and ë] ¨:=� , the first two relations in
(6.17) can be written asz<:�{ ^ P : �4P � �Eo . �5P : �4P � � > o . �w� « r �� @ �E�E> � z<:={ ^ P : � ] � �Eo . �5P : � ] � � > o . �3� « ¨ r �� @ �E�E>GF
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Substituting the explicit expressions for the coefficients PQ:ß�4úJ��� , we derive the following
orthogonality relations for the functions (6.20) and (6.21):

(6.22)
z<:={ ^ �#P � � ] � S � � :� � S � �G:I�5�þP ] � � � : � r�: î :¤r . ò é � Ô � � � r�: S-P�� ] u � �-Ô �E> � � r�: S-P�� ] u � �3� « r �� @ �E�E> �

(6.23)
z<:={ ^ �#P � � ] � S � � :� � S � �5:ß�5�þP ] � � � : � r�: î :¤r . ò é � r � � � r�: S-P�� ] u � �sr �E> � � r�: S-P�� ] u � �3� « ¨ r �� @ �E�E> �

(6.24)
z<:�{ ^ �4P � � ] � S � �5:� � S � �G:ß�G�þP ] � � � : � r/: î :¤r . ò é � Ô � � � r/: S�P�� ] u � �sr � > � � r�: S-P�� ] u � �3�A�Q�

where « � and « ¨� are given by the formulas (6.15) and (6.16).
Comparing the expressionX � � � r�� S�P�� ] S � � T � � û .C� � r�� � � r�� S3P � S � ��� � �Eo . � ] �

for the � -Meixner polynomials with the explicit form (6.2) of the big � -Laguerre polynomials; : �#	 S-P�� ] S � � , we see thatÔ � � � r�: S-P�� ] u � �H�Ï� � r�: � ] S � � r .: X � � � r�: S-P���� ] � P�S � � F
Since � � r/: � ] S � � : �©� ] � S � � : �G� ] � r�: � r�: î :=o . ò é � , the orthogonality relation (6.22) leads
to the orthogonality relation for the � -Meixner polynomials X � � � r�: � tX � � � r�: S-P���� ] � P�S � � :z<:�{ ^ �#P � S � � : �G� ] � P8� : � : î :¤r . ò é �� ] � � � S � �G: X � � � r�: �QX �E> � � r�: �
(6.25) � � ] � P�S � � z� ] � S � � z �#P � � ] � � S � � ��4P � S � � � � r/� @��E� > �
where, as before, � N P N¬� r . and

] N � . This orthogonality relation coincides with the
known formula for the � -Meixner polynomials (see, for example, (3.13.2) in [27]).

The functions (6.21) are also expressed in terms of � -Meixner polynomials. Indeed, we
have

r � � � r/: S�PJ� ] u � �3� _ û � � � r/: ���Q� ] � �Eo . S3P � � ] � S � � � ��÷� � r/: � P�S � � r .: � û .C� � r/� � � r/: S ] � S � � ] � �Co . � P8�H�Ï� � r/: � PJS � � r .: X � � � r/: S ] ���þP � ] S � �2�
where

] N � , that is, one of the parameters in these � -Meixner polynomials is negative.
Substituting this expression for r � � � r�: S-P�� ] u � � into (6.23), we obtain the orthogonality

relation for � -Meixner polynomials X � � � r/: �3tÕX � � � r/: S ] ���þP � ] S � � with negative
]
:z<:={ ^ � ] � S � � : �G�þP � ] � :�#P � � � S � �G: � : î :¤r . ò é � X � � � r�: �QX �E> � � r�: �
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(6.26) � �#P � ] S � � z�#P � S � � z � ] � � PJ� � S � � �� ] � S � �G� � r/� @ �E�E>5F
Observe that this orthogonality relation is of the same form as for

] £ � . As far as we
know, this type of orthogonality relation for negative values of the parameter

]
has been first

discussed in [2].
The relation (6.24) can be written as the equalityz<:={ ^ �G���s� : � : î :�r . ò é �� � S � � : Xg��� � r/: S�PJ��� ] � P�S � �QXg� > � � r/: S ] ���þP � ] S � �3�n�Q�

which holds for H�5 ¨þ�©�Q���C���Q������� . The validity of this identity for arbitrary nonnegative
integers  and �¨ can be verified directly by using Jackson’s � -exponential function

t (E�#µ8� T � z<�E{ ^ � � î ��r . ò é �� � S � �G� µ � �V�5�þµ�S � � z
and the fact that

t (C�#µ8� has zeroes at the points µ�Ö��÷� � r Ö , u´�n�Q���C�6��������� .
Notice that the appearance of the � -Meixner polynomials here as a dual family with

respect to the big � -Laguerre polynomials is quite natural because the transformation � ý� r . interrelates these two sets of polynomials, that is,X � �
	�S ] � « S � r . �3�Ï� � r/� � ] S � � � ; � � � 	 � ] S�� � ] ��� « S � � F
Let us introduce the Hilbert space 6 � ï 0 P of functions ·�� � r�: � , defined on the set Mv1KW�����C�6����������L , with a scalar product given by the formula

(6.27) '4·H.*��· � v P � z<:={ ^�L �
M���·H.E� � r�: � · � � � r�: �1�
where the weight function

L �#MO�w� �4P � � ] � S � � :� � S � �G:I�G�þP ] � � � : � r/: î :¤r . ò é �
is the same as in (6.22)–(6.24). Now we can formulate the following statement.

THEOREM 6.1. The functions (6.20) and (6.21) constitute an orthogonal basis in the
Hilbert space 6 � ï 0 P .

Proof. To show that the system of functions (6.20) and (6.21) constitutes a complete
basis in the space 6 � ï 0 P we take in 6 � ï 0 P the set of functions ·HR , >y�h�Q���C�6��������� , such that·�RQ� � r�: ����@WR : . It is clear that these functions constitute a basis in the space 6 � ï 0 P . Let us
show that each of these functions · R belongs to the closure w	 of the linear span

	
of the

functions (6.20) and (6.21). This will prove the theorem 6.1. We consider the functionsë· R � � r�: �w� z<�E{ ^ ë] R � ë] :=��p z<�E{ ^ ë] ¨ R � ë] ¨:=� �x>��D�����C�6���������/�
where ë] Ö � and ë] ¨ R � are the same as in (6.18). Then L r . �
M��3ë· R � � r/: � is an infinite linear com-
bination of the functions (6.20) and (6.21). Moreover, ë·}R�� � r�: �o1 w	 and, due to (6.18), ë·�R ,
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>O�÷�Q���C�6��������� , coincide, up to a constant, with the corresponding functions · R , introduced
above. The theorem 6.1 is proved.

The weight function L �
M�� in (6.27) does not coincide with the orthogonality measure for� -Meixner polynomials. Multiplying this weight function by~ � ] � S � �G:ß�G� ] � r�: � r�: î :=o . ò é � � r � �
we obtain the measure in (6.25). Let 6 � î . ò be the Hilbert space of functions ·�� � r/: � on the setM91°KW�����C�6���������6L with the scalar product

'#·H.s��· � v î . ò � z<:={ ^ �#P � S � �5:´�5� ] � P�� :� ] � � � S � � : � : î :�r . ò é � ·}.C� � r/: � · � � � r�: �1�
where the weight function coincides with the measure in (6.25).

Taking into account the modification of the measure and the statement of Theorem 6.1,
we conclude that the � -Meixner polynomials X���� � r�: SQP���� ] � P�S � � and the functions� ] � S � �G:��5� ] � r/: � r/: î :�o . ò é � rC��� � r�: S-P�� ] u � �
constitute an orthogonal basis in the space 6 � î . ò .

PROPOSITION 6.2. The � -Meixner polynomials X � � � r�: S�PJ� « S � � ,  �Õ�Q���C���Q������� , with
the parameters P and « �¬� ] � P do not constitute a complete basis in the Hilbert space 6 � î . ò ,that is, the � -Meixner polynomials are associated with the indeterminate moment problem
and the measure in (6.25) is not an extremal measure for these polynomials.

Proof. In order to prove this proposition we note that if the � -Meixner polynomials were
associated with the determinate moment problem, then they would constitute a basis in the
space of square integrable functions with respect to the measure from (6.25). However, this is
not the case. By the definition of an extremal measure, if the measure in (6.25) were extremal,
then again the set of the � -Meixner polynomials would be a basis in that space. Therefore,
the measure is not extremal. Proposition is proved.

Let now 6 � î � ò be the Hilbert space of functions ·�� � r�: � on the set M91 Ks�Q���C���Q�������6L , with
the scalar product

'4·}.E�-· � v î � ò � z<:�{ ^ � ] � S � � : �G�þP � ] � :�#P � � � S � �G: � : î :¤r . ò é � ·H.C� � r�: � · � � � r�: � F
The measure here coincides with the orthogonality measure in (6.26) for � -Meixner polyno-
mials X � � � r�: S ] ���þP � ] S � � , ] N � . The following proposition is proved in the same way as
Proposition 6.2.

PROPOSITION 6.3. The � -Meixner polynomials X���� � r�: S ] ���þP � ] S � � , ±�������������� ,
with

] N � do not constitute a complete basis in the Hilbert space 6 � î � ò , that is, these � -Meixner
polynomials are associated with the indeterminate moment problem and the measure in (6.26)
is not an extremal measure for them.

6.4. Generating function for big � -Laguerre polynomials. The aim of this section is
to derive a generating function for the big � -Laguerre polynomials

y �
	��5º1S�PJ� ] S � � T � z<�C{ ^ �4P � � ] � S � � �� � S � �G� � r�� î �8r . ò é � ; � �
	�S-P�� ] S � �Îº � �
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which will be used in the next subsection. Observe that this formula is a bit more general than
each of the three instances of generating functions for big � -Laguerre polynomials, given in
section 3.11 of [27].

Employing the explicit expression; � �
	 S�P�� ] S � �3�V� ] r . � r�� S � � r .� � û .E� � r�� ��P � 	 r . S3P � S � �5	 � � �
for big � -Laguerre polynomials, one obtains

y �
	��5º1S-P�� ] S � �w� z<�E{ ^ �4P � S � � �� � S � �5� �G� ] � º5� � �<R { ^ � � r�� ��P � 	 r . S � �5R�#P � � � S � � R í 	 ] ö R
� z<�C{ ^ �4P � S � �G�»�G� ] � º5� � �<R { ^ �5�)	 � ] � R �#P � 	 r . S � � R�4P � � � S � �-R=� � S � � �8r R � r/� R o R î R r . ò é �

� z<R { ^ �#P � 	 r . S � �5R��5�)	 � ] � R�4P � � � S � � R � R î R r . ò é � z<:={ ^ �#P � S � � :=o R� � S � �G: �G� ] � º5� :=o R � r î R o�: ò R
� z<R { ^ �#P � 	 r . S � �5R� � S � �5R �#	�º5� R � r R î R r . ò é � z<:={ ^ �#P � R o . S � � :� � S � � : �5� ] � . r R º5� : F

By the � -binomial theorem, the last sum equals to �5�þP ] � � S � � z � �5� ] � . r R º1S � � z . Since�5� ] � . r R º1S � � z � � r R î R r . ò é � �G� � � ] � º1S � � R �5� ] � º1S � � z �
then �5�þP ] � � S � � z�G� ] � . r R º1S � � z � �5�þP ] � � S � � z�G� ] � º1S � � z � R î R r . ò é �� ] º5� R �G��� � ] º1S � �5R F
Thus,

y �
	��5º1S�PJ� ] S � �w� �G�þP ] � � S � � z�G� ] � º1S � � z z<R { ^ �#P � 	 r . S � �5R�G��� � ] º1� � S � �5R í 	 ] ö R
(6.28) � �5�þP ] � � S � � z�5� ] � º1S � � z � û .C�#P � 	 r . �Q��S���� � ] º1S � �-	 � ] � F
This gives a desired generating function for big � -Laguerre polynomials.

6.5. Biorthogonal systems of functions. Note that the operator ! from formula (6.1)
can be written in the form!n� 4 � � Ë é � í � �)� ] 3 
�o 3 .-é � p 3 .5é � 
Qr � �)� ] 3 ö � � Ë é � � � . � � � Ë p � � 3 �
where 4 �Ï�G�þP ] � � .5é � �5�)� � �2� � .)� ] �G�mp � �1� � � � ] � p�P � � ] pD�s�1�
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and 
sg ,
3

and �5� Ë are the operators on k given as


 o Ô � � P r .-é � � r/� é ��)� � � �5�)� � �Co . ���G�þ�¹P � �Eo . ��Ô �Eo .*�

 r Ô � � P r .-é � � r î �8r . ò é ��)� � � �G�)� � � �2�5�)��P � � �QÔ �8r .*�

� � Ë Ô*��� � � �4P � � .5é � ÔE�/� 3 Ô*�ß� � � Ô*� F
From the very beginning we could consider an operator!». T � 4 � � Ë é � ~ �5�þ� ] 3 ��
 o p 3 
 r � � � Ë é � � � . � � � Ë p � � 3 �
where

4 � � . , and � � are the same as the above. This operator is well defined, but it is not
self-adjoint. Repeating the reasoning of section 3, we find that eigenfunctions of !7. are of
the form

:<���
	��m� z<�E{ ^ �G�þP ] � r�� é � � r/� Ç �4P � S � �G�� � S � � � Í .5é � ; � �4ú S-P�� ] S � �QÔ � �
	��
(6.29) � z<�E{ ^ P r _ � é � �G� ] � r�� é � � r�� �#P � S � � �� � S � �G� ; � ��ú�S�P�� ] S � �8	 � F
The last sum can be summed with the aid of formula (3.11.12) in [27]. We thus have

:<���
	/�w�Ï�5�G�þP � ] � � .-é � 	�S � � z � � û .C� ] � ú r . ���QS ] � S � �-P r _ � é � �5� ] � r .5é � � r . 	�ú�� F
Now we consider another operator! � T � 4 � � Ë é � ~ 
 o 3 pp
 r �G��� ] 3 � � � � Ë é � � � . � � � Ë p � � 3 F

This operator is adjoint to the operator ! . T !|�� �D! . . Repeating the reasoning of subsection
6.1, we find that eigenfunctions of ! � have the form

z � �
	/�w� z<�C{ ^ �5�þP ] � r�� é � � r�� î �Co . ò é � Ç �#P � S � � � � ] � S � � ��� � S � � � Í .-é � ;����4ú S-P�� ] S � �QÔ*���#	��
(6.30) � z<�E{ ^ P r _ � é � �G� ] � r�� é � � r�� î �Eo . ò é � �#P � S � �G��� ] � S � �5�� � S � � � ;�����ú�S�PJ� ] S � ��	 � F
According to the formula (6.28), this function can be written as

z � �
	/�w� �5�þP ] � � S � � z�4P r _ é � �G� ] � .5é � 	�S � � z ��û . �4P � � ú �-�QSQP _ é � �5� ] � r .5é � � � 	 S � �6ú � ] � F
Let us denote by {|:´�
	/� , M³�A���6¼´���6¼»��������� , the functions

{ : �
	��m� « : : ï ( ð.F Ê �#	��2��M³�D�����C�6���������/�|{ r�: �
	/�w� « ¨:�r . : P ( ð �#	��1��M©�²�C�6�����������
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and by }=:´�#	�� , M³�A�Q�6¼´���6¼»�Q������� , the functions

}�:´�#	��w� « : z ï ( ð.F Ê �#	��1��M©�D�Q���C�6���������/�|}�r�:ß�
	/�w� « ¨:�r . z P ( ð �#	��1�OM³�V�C�6���������/�
where « : and « ¨: are given by formulas (6.9) and (6.10).

Writing down the decompositions (6.29) and (6.30) for the functions {»:´�#	�� and }�:´�#	��
(in terms of the orthonormal basis ÔC� , n�å����������������� , of the Hilbert space k ) and taking
into account the orthogonality relations (6.22)–(6.24) we find that

'{ : �#	��2�#} � �#	��-vw�A@ :=� �¬M��5��A���6¼´���6¼»��������� F
This means that we can formulate the following statement.

THEOREM 6.4. The set of functions {�:´�#	�� , M©�A���6¼´�C�1¼»��������� , and the set of functions}�:´�#	�� , M ���Q�6¼´���6¼»�Q������� , form biorthogonal sets of functions with respect to the scalar
product in the Hilbert space k .

7. Alternative � -Charlier polynomials and their duals.

7.1. Pair of operators �#�$.s��
 � . Let k be the same separable complex Hilbert space
as before. We have introduced into this space the orthonormal basis Ô � , Ï�ä����������������� ,
expressed in terms of monomials in 	 . We define on k two operators. The first one, denoted
as

3
, acts on the basis elements as 3 Ô � � � � Ô �/F

The second one, denoted as � . , is given by the formula

(7.1) � . Ô*�I�AP8�=ÔE�Eo . p�P&��r . Ô*��r . p ] �=Ô*�
with P � �V�$�#P � _ �Co . � .5é � � �5�þ� � �Eo . ���G��p�P � � ��5��p�P � � �Eo . � � �G��p�P � � � ���G�mp�P � � �Eo � � �

] � � � � Ç �mp�P � ��5��pqP � � � �2�5�mpqP � � �Eo . � pqP � �8r . �)� � ��5�mpqP � � �8r . �2�G�=pqP � � � � Í �
where P is a fixed positive number. Clearly, � . is a symmetric operator.

Since P � ý � and
] � ý � when  ý ½ , the operator �$. is bounded. We assume that

it is defined on the whole Hilbert space k . For this reason, �7. is a self-adjoint operator. Let
us show that ��. is a Hilbert–Schmidt operator. For the coefficients P � and

] � from (7.1),
we have P �Eo . � P � ý`� _ é � and

] �Eo . � ] � ýa� when  ý ½ . Since � N®��N � , for the
sum of all matrix elements of the operator �$. in the basis Ô � , ê�á����������������� , we havex � ���EP � p ] � � N ½ . This means that ��. is a Hilbert–Schmidt operator. Thus, a spectrum
of � . is discrete and has a single accumulation point at 0. Moreover, a spectrum of � . is
simple, since � . is representable by a Jacobi matrix with PQ�jf�n� (see [15], Chapter VII).

To find eigenfunctions � � of the operator � . , � . � � �AúM� � , we set

� � �y< � � ���4ú��QÔ*�/�
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where � ���4ú�� are appropriate numerical coefficients. Acting by the operator � . upon both
sides of this relation, one derives thatz<�E{ ^ � ����úJ���4P8�=ÔE�Eo . p�P&��r . Ô*��r . p ] �=Ô*�Q�3�nú z<�E{ ^ � ���4ú��QÔ*���
where P8� and

] � are the same as in (7.1). Collecting in this identity all factors, which multiplyÔ*� with fixed  , one derives the recurrence relation for the coefficients � ����úJ� :� �Co .E��úJ�QP � p � �8r .*��úJ��P �8r .wp � � ��úJ� ] � �Õú � � �4ú�� F
The substitution

� ���4ú��w� Ç �5�þP�S � �G�»�5�mpqP � � � �� � S � � � �G�mp�P8���#P � � � � Í .-é � � r�� î �Eo _ ò é � � ¨� ��úJ�
reduces this relation to the following one�þ! � � ¨�Eo . ��úJ�3�¹� � � ¨��r . ��úJ��pA�4! � p�� � � � ¨� ��úJ�w�nú � ¨� �4ú��1�! � � � � �mp�P � ��5�mpqP � � � �2�G�=pqP � � �Eo . � � � � �AP � � �8r . �)� � ��G�mp�P � � �8r . ���G�mp�P � � � � F
This is the recurrence relation for the alternative � -Charlier polynomials� ����ú�S�P�S � � T � �Wû . � � r/� ���þP � � S3�QS � � � úJ�
(see, formulas (3.22.1) and (3.22.2) in [27]). Therefore, � ¨� �4ú��w� � ����ú�S�P�S � � and

(7.2) � � �4ú��w� Ç �G�þP�S � � � �G�mp�P � � � �� � S � �G�»�G�mp�P��GP � Í .-é � � r�� î �Co . ò é � � � �4ú S-P�S � � F
For the eigenvectors ��� we thus have the expression

(7.3) � � � z<�E{ ^ Ç �G�þP�S � � � �G�mp�P � � � �� � S � � � �5�mpqP���P � Í .5é � � r/� î �Eo . ò é � � ����ú�S�P�S � �QÔ*� F
Since the spectrum of the operator � . is discrete, only for a discrete set of values of ú these
vectors belong to the Hilbert space k .

Now we look for a spectrum of the operator �$. and for a set of polynomials, dual to
alternative � -Charlier polynomials. To this end we use the action of the operator
 T � 3 r . �¹P 3
upon the eigenvectors � � , which belong to the Hilbert space k . In order to find how this
operator acts upon these vectors, one can use the � -difference equation

(7.4) � � r/� �¹P � � � � � ��úJ�w�V�þP � � � � ú���p�ú r . � � �4ú��}�gú r . �5�)�¹ú�� � � � � r . úJ�
for the alternative � -Charlier polynomials

� �/��úJ��t � ����ú�S�P�S � � (see formula (3.22.5) in
[27]). Multiply both sides of (7.4) by >��)Ô*� and sum up over  , where >&� are the coefficients
of the

� ����ú�S�PJS � � in the expression (7.2) for � ����úJ� . Taking into account formula (7.3) and
the fact that 
 Ô*���÷� � r�� �¹P � � �-Ô*� , one obtains the relation

(7.5) 
~���´�²�þPA��()�¤p�ú r . ���$�¹ú r . �G�)�gúJ�!� ( " Ê � �
which will be used in the next subsection.
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7.2. Spectrum of � . and orthogonality of alternative � -Charlier polynomials. The
aim of this section is to find, by using the operators � . and 
 , a basis in the Hilbert spacek , which consists of eigenfunctions of the operator �7. in a normalized form, and to derive
explicitly the unitary matrix ' , connecting this basis with the basis Ô � , j�n�Q�������Q������� , in k .
This matrix leads directly to the orthogonality relation for alternative � -Charlier polynomials.
For this purpose we first find the spectrum of �$. .

We proceed as in the previous cases. First we analyze a form of the spectrum of the
operator ��. from the point of view of the spectral theory of Hilbert–Schmidt operators. If ú
is a spectral point of the operator �$. , then (as it is easy to see from (7.5)) a successive action
by the operator 
 upon the function (eigenfunction of �7. ) ��� leads to the eigenfunctions� ( ð � , M³�D���6¼´�C�1¼»��������� . However, since � . is a Hilbert–Schmidt operator, not all of these
points may belong to the spectrum of � . , since � r�: ú ý ½ when M ý p�½ once úAf�±� .
This means that the coefficient �þ�qú ¨ of � ( " Ê � > in (7.5) must vanish for some eigenvalue ú ¨ .
Clearly, it vanishes when úJ¨ �ê� . Moreover, this is the only possibility for the coefficient of� ( " Ê � > in (7.5) to vanish, that is, the point ú ��� is a spectral point for the operator � . . Let
us show that the corresponding eigenfunction �E.þt&� ( Ë belongs to the Hilbert space k .

By formula (II.6) of Appendix II in [21], one has� � �G��S-P�S � �3� � û .E� � r�� ���þP � � S3�QS � � � �3�Ï�G�þP�� � � � ü F
Therefore,

'?� . �)� . v3� z<�E{ ^ �5�þPJS � � � �5�mpqP � � � ��5�mpqP���� � S � � � P � � � î �Eo . ò é � � �� �G��S-P�S � �
(7.6) � z<�E{ ^ �5�þPJS � � � �G�mp�P � � � ��5�mp � ��� � S � �5� � � î _ �8r . ò é � P � F
In order to calculate this sum, we take the limit ¦J�-l ý ½ in the equalityz<�E{ ^ �G��p�P � � � ���G�þP�S � � � �#¦JS � � � �#l&S � � ��5�mpqP����G�þP � � ¦JS � �5���G�þP � � l&S � �5��� � S � �G� í P �¦&l ö � � � î �8r . ò é � � �G�þP � S � � z �G�þP � � ¦�l&S � � z�G�þP � � ¦JS � � z �G�þP � � l&S � � z
(see formula in Exercise 2.12, Chapter 2 of [21]). Since¿ÄÁÂÃJ�0 � Æ z �#¦JS � �5�»�#l&S � �5�|�4P � � ¦&ls� � � � �Cü P � �
we obtain from here that the sum in (7.6) is equal to �G�þP � S � � z , that is, '?�s.E� �W.�v N ½ and�W. belongs to the Hilbert space k . Thus, the point ú��±� does belong to the spectrum of the
operator ��. .

Let us find other spectral points of the operator � . (recall that the spectrum of � . is
discrete). Setting ú÷� � in (7.5), we see that the operator 
 transforms � ( Ë into a linear
combination of the vectors � ( and � ( Ë . Moreover, � ( belongs to the Hilbert space k , since the
series

'?��(E� ��(�vw� z<�E{ ^ �G�þP�S � � � �G�mp�P � � � ��G�mp�P8��� � S � �G�)P � � r/� î �Eo . ò é � � �� � � S-P�S � �
is majorized by the corresponding series (7.6) for � ( Ë . Therefore, �W( belongs to the Hilbert
space k and the point � is an eigenvalue of the operator �7. . Similarly, setting úy� � in
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(7.5), we find that � ( ü is an eigenvector of � . and the point � � belongs to the spectrum of � . .
Repeating this procedure, we find that all � ( ñ , ��A�Q�������Q������� , are eigenvectors of � . and the
set � � , q�÷�����C�6��������� , belongs to the spectrum of �$. . So far, we do not know yet whether
other spectral points exist or not.

The functions �W( ñ , j�D����������������� , are linearly independent elements of the Hilbert spacek (since they correspond to distinct eigenvalues of the self-adjoint operator �ß. ). Suppose
that values � � , ø�¬����������������� , constitute a whole spectrum of �7. . Then the set of vectors��( ñ , ��±�Q�������Q������� , is a basis in the Hilbert space k . Introducing the notation

* R T ��� ( / ,>��A����������������� , we find from (7.5) that
 * R$�÷�þP * R o .3p � r R * R¤� � r R �G�)� � R � * R r . F
As we see, the matrix of the operator 
 in the basis

* R , >¹������������������� , is not symmetric,
although in the initial basis u  v , y�³�Q���C���Q������� , it was symmetric. The reason is that the
matrix �#P8:=��� with entries P�:�� T � � :ß� � � � , M��5��V�Q���C���Q������� , where � :ß� � � � are the coef-
ficients (7.2) in the expansion � ( ñ � x : � :ß� � � ��Ô*� , is not unitary. This fact is equivalent
to the statement that the basis

* �¢�+� ( ñ ,  �Õ�Q���C�6��������� , is not normalized. To normalize it,
one has to multiply

* � by corresponding numbers « � . Let ë* �¢� « � * � , j�Õ�����C�6��������� , be a
normalized basis. Then the matrix of the operator 
 is symmetric in this basis. Since 
 has
in the basis K�ë* ��L the form
°ë* �¢�÷� « r .�Eo . « ��P¢ë* �Eo . p � r�� ë* �ß� « r .�8r . « � � r�� �5�þ� � � �më* �8r . �
then its symmetricity means that « r .�Eo . « �QP�� « r .� « �Eo . � r/�8r . �G�¤� � �Co . � , that is, « � � « �8r . �� P � � � �G�)� � � � . Therefore, « � � « �4P � � � î �Eo . ò é � � � � S � � � � .5é � �
where « is a constant.

The expansionsë�W( ñ �#	��wt ë* � �
	/�w�Õ< : « � � : � � � ��u M�v3ty< : ëP :=� u MOv
connect two orthonormal bases in the Hilbert space k . This means that the matrix � ëPJ:��Q� ,M��5j�D�Q���C�6��������� , with entriesëP :=� � « � � : � � � �3� « Ç P � � � î �Eo . ò é �� � S � �G� �5�þP�S � � : �G�mp�P � � : ��G�mp�P8��� � S � � : P : � : î :=o . ò é � Í .-é � � : � � � S-P�S � �
is unitary, provided that the constant « is appropriately chosen. In order to calculate this
constant, we use the relation xÕz:={ ^ u ëP :=� u � �÷� for ��A� . Then this sum is a multiple of the
sum in (7.6) and, consequently, « �÷�5�þP � S � � r .5é �z F

The matrix � ëP :�� � is real and orthogonal, that is,

(7.7) < � ëP :=� ëP :=>Ä� �n@ :=:=> �ã< : ëP :=� ëP :��C> �A@ �E�E>ÎF
Substituting into the first sum over  in (7.7) the expressions for ëP :=� , we obtain the identityz<�E{ ^ P � � � î �Co . ò é �� � S � �G� � : � � � S-P�S � � � :=> � � � S�PJS � �
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(7.8) � �G�þP � : S � � z P : � � S � � :�5�mpqP � � : � � : î :=o . ò é � @�:=: > �
which must yield the orthogonality relation for alternative � -Charlier polynomials. An only
gap, which remains to be clarified, is the following. We have assumed that the points � � ,��A�Q���C���Q������� , exhaust the whole spectrum of � . . Let us show that this is the case.

Recall that the self-adjoint operator % . is represented by a Jacobi matrix in the basisÔ*� , A�å�Q���C�6��������� . According to the theory of operators of such type, eigenvectors � � of� . are expanded into series in the basis ÔC� , Ï�â����������������� , with coefficients, which are
polynomials in ú . These polynomials are orthogonal with respect to some positive measure¦C�3��úJ� (moreover, for self-adjoint operators this measure is unique). The set (a subset of § ),
on which these polynomials are orthogonal, coincides with the spectrum of the operator under
consideration and the spectrum is simple.

We have found that the spectrum of �7. contains the points � � , ��B�Q�������Q������� . If the
operator ��. had other spectral points 	 , then on the left-hand side of (7.8) there would be
other summands � ��/ � : �#	�R8S�PJS � � � : > �#	�R�S�P�S � � , corresponding to these additional points.
Let us show that these additional summands do not appear. We set M � M ¨»�� in the
relation (7.8) with the additional summands. Since

� ^ �#	 S-P�S � �w�÷� , we have the equalityz<�E{ ^ P � � � î �Eo . ò é �� � S � � � pø< R � ��/ �V�G�þP � S � � z F
According to the formula for the � -exponential function

t (E�4P�� (see formula (II.2) of Ap-
pendix II in [21]), we have xnz�E{ ^ P � � � î �Eo . ò é � � � � S � � � �V�5�þP � S � � z . Hence, x R � ��/ �A� .
This means that additional summands do not appear in (7.8) and it does represent the orthog-
onality relation for alternative � -Charlier polynomials.

Due to the orthogonality relation for the alternative � -Charlier polynomials, we arrive at
the following statement:

PROPOSITION 7.1. The spectrum of the operator �7. coincides with the set of points � � ,��A�Q���C���Q������� . The spectrum is simple and has one accumulation point at 0.

7.3. Dual alternative � -Charlier polynomials. Now we consider the second identity
in (7.7), which gives the orthogonality relation for the matrix elements ëP :=� , considered as
functions of M . Up to multiplicative factors these functions coincide with· � �#	 S�P/u � �w� � û .*�#	 ���þP � 	 S3��S � � � �Eo . �1�
considered on the set 	21 K � r�: uÎM®�n�Q�������Q�������6L . Consequently,

ëP8:=�I� Ç P � � � î �Eo . ò é �� � S � � � �5�mpqP � � : ��G�þP � : S � � z � � S � �G:�P : � : î :=o . ò é � Í .5é � ·���� � r/: S�P�u � �
and the second identity in (7.7) gives the orthogonality relation for · � � � r�: S-P�u � � :z<:�{ ^ �G��p�P � � : �P : �5�þP � : S � � z � � S � �G: � r�: î :=o . ò é � · � � � r�: S-P�u � ��· �E> � � r�: S-P�u � �
(7.9) � � � S � �5�P � � r�� î �Eo . ò é � @ �E� > F
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The functions ·����
	�S-P�� ] u � � can be represented in another form. Indeed, taking in the
relation (III.8) from Appendix III in [21] the limit «)ý ½ , one derives the relation� û .C� � r/: ���þP � : S3�QS � � � �Eo . �3�V�5�þP8� : � :=ü _ û ^ � � r�: ���þP � : � � r�� �¹S � ��� � � � P�� F
Therefore, we have

(7.10) · � � � r/: S-P�u � �3�V�G�þP�� : � :=ü _ û ^ � � r�: ���þP � : � � r�� S)�¹S � ��� � � � P�� F
The basic hypergeometric function

_ û ^ in (7.10) is a polynomial of degree  in the variable�3�
M�� T � � r/: �¹P � : , which represents a � -quadratic lattice; we denote it by

(7.11) ¦&���#�3�
M��1S-P�S � � T � _ û ^ � � r/: ���þP � : � � r�� S)�¹S � ��� � � � P�� F
Then formula (7.9) yields the orthogonality relationz<:={ ^ �G�mp�P � � : �GP :�5�þP � : S � � z � � S � �G: � : î _ :¤r . ò é � ¦ � �
�3�#MO�2S-P�S � �Q¦ �E> �
�3�#MO�2S-P�S � �
(7.12) � � � S � � �P � � r/� î �Eo . ò é � @��E� >
for the polynomials (7.11) when P £ � . We call the polynomials ¦ � �
�3�
M��1S�P�S � � dual alter-
native � -Charlier polynomials. Thus, the following theorem holds.

THEOREM 7.2. The polynomials ¦8���
�3�#MO�2S-P�S � � , given by formula (7.11), are orthogo-
nal on the set of points �3�
M�� T � � r�: �IP � : , M³�n�Q���C���Q������� , and the orthogonality relation
is given by formula (7.12).

Let 6 � be the Hilbert space of functions on the set M³�n�Q���C�6��������� with the scalar product

(7.13) '#· . �-· � vw� z<:={ ^ �5�mpqP � � : �5P :�G�þP � : S � � z � � S � � : � : î _ :¤r . ò é � · . �#MO� · � �
M��1�
where the weight function is taken from (7.12). The polynomials (7.11) are in one-to-
one correspondence with the columns of the orthogonal matrix � ëP�:=�Q� and the orthogonal-
ity relation (7.12) is equivalent to the orthogonality of these columns. Due to (7.7) the
columns of the matrix � ëP�:=�Q� form an orthonormal basis in the Hilbert space of sequences7��ªKWP8��uÎn�å�Q�������Q�������6L with the scalar product '87��)7�¨Ùv7� x � P&� P ¨� . This scalar prod-
uct is equivalent to the scalar product (7.13) for the polynomials ¦8���
�3�#MO�2S-P�S � � . For this
reason, the set of polynomials ¦8���#�3�
M��1S-P�S � � , ê�Þ����������������� , form an orthogonal basis
in the Hilbert space 6 � . This means that either the dual alternative � -Charlier polynomials¦ � �
�3�
M��1S�P�S � � correspond to determinate moment problem or the point measure in (7.12) is
extremal if these polynomials correspond to indeterminate moment problem. This question
will not be further pursued here.

A recurrence relation for the polynomials ¦ � �
�3�
M��1S�P�S � � is derived from (7.4). It has the
form

(7.14) � � r/: �¹P � : ��¦ � �
�3�#MO�-��V�þP�¦ �Eo .s�
�3�#MO�-��p � r�� ¦ � �#�3�
M��5�3� � r/� �G�)� � � ��¦ ��r .C�
�3�
M��5�2�
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where ¦&���
�3�#MO�-��tê¦����#�3�
M��1S�PJS � � . A � -difference equation for ¦8���
�3�#MO�2S-P�S � � can be ob-
tained from the three-term recurrence relation for alternative � -Charlier polynomials.

Note that for the polynomials ¦ � �#�3�
M��1S-P�S � r . � with �7N � we have the expression

(7.15) ¦ � �
�3�#MO�2S-P�S � r . �3� _ û � � � r�: ���þP � : � � r�� S3���-�)S � � � � F
However, the recurrence relation for these polynomials (which can be obtained from the re-
lation (7.14)), does not satisfy the positivity condition !|�)���Eo .°£ � , that is, they are not
orthogonal polynomials for P £ � (as it is the case for alternative � -Charlier polynomials).
This positivity condition holds only if we require that P N � . In this case, the polynomi-
als (7.15) are the continuous big � -Hermite polynomials � � �
	�S-P�u � � (for an explicit form of
these polynomials see, for example, [27], formula (3.18.1)), which are orthogonal on a certain
continuous set.

8. Duality of Al-Salam–Carlitz I and � -Charlier polynomials.

8.1. Pair of operators �4� � � 3 r . � . Let P be a real number such that P N � . Let % be the
separable complex Hilbert space with the orthonormal basis u  v , ¹�²�����C�6��������� . We define
on % the operator � � , which is given by the formula

(8.1) � � u  v3�AP � u ¢pA�Wv p�P �8r .}u O���sv�� ] � u  v/�
with P � �÷�5�þP8� .5é � � � é � � �)� � �Co . � ] � �Ï�#P|pA�W� � � F
Clearly, � � is a bounded symmetric operator. Therefore, we assume that it is defined on the
whole Hilbert space % . For this reason, � � is a self-adjoint operator. As in the previous cases,
it is easy to show that � � is a Hilbert–Schmidt operator. Thus, the spectrum of � � is discrete
and has a single accumulation point at 0. Moreover, the spectrum of � � is simple, since � �
is representable by a Jacobi matrix with PQ�jf�A� .

To find corresponding eigenfunctions � � of the operator � � , � � � � �ÕúM� � , we set � � �x � � ���4ú���u  v , where � ���4ú�� are appropriate numerical coefficients. Acting by the operator� � upon both sides of this relation, one derives thatz<�E{ ^ � ���4ú��»��P&��u �pA�Wv�p�P8�8r . u O�ø�Wv�� ] �|u  v5�m�nú z<�E{ ^ � ���4ú���u  v2�
where P�� and

] � are the same as in (8.1). Collecting in this identity all factors, which multiplyu  v with fixed  , one derives the recurrence relation for the coefficients � ���4ú�� :� �Eo .E��úJ��P � p � �8r .*�4ú���P �8r .�� � � �4ú�� ] � �Õú � � ��úJ� F
Making the substitution

� ����úJ�m� Ç � r�� î �8r . ò é �� � S � � � �5�þP�� � Í .-é � � ¨� ��úJ�2�
we reduce this relation to the following one

� ¨�Eo . �4ú���pn�G�þP�� � �8r . �5�)� � � � � ¨�8r . �4ú��}���#P�pD�s� � � � ¨� ��úJ�w�nú � ¨� �4ú�� F
This is the recurrence relation for the Al-Salam–Carlitz I polynomials' î ï1ò� �4ú S � � T �Ï�G�þP�� � � � î ��r . ò é � � û .C� � r�� �6ú r . S3��S � � � ú � P��
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(see, formula (3.24.1) in [27]). Therefore, � ¨� ��úJ�w�y'´îÂï2ò� �4ú S � � and

(8.2) � � ��úJ�m� Ç � r�� î �8r . ò é �� � S � �5�|�5�þP�� � Í .-é � ' îÂï2ò� ��ú�S � � F
For the eigenvectors � � we thus have the expression

(8.3) � � � z<�C{ ^ Ç � r�� î �8r . ò é �� � S � � � �5�þP8� � Í .-é � ' îÂï1ò� ��ú�S � ��u  v F
Since the spectrum of the operator � � is discrete, only for a discrete set of values of ú these
vectors belong to the Hilbert space % . This discrete set of eigenvectors determines the spec-
trum of � � .

Let us find the spectrum of the operator � � and a set of polynomials, dual to Al-Salam–
Carlitz I polynomials. For this purpose we use the operator

3 r . , which is diagonal in the
basis K�u  v1L , and is given as 3 r . u  vw� � r�� u  v F
We have to find how the operator

3 r . acts upon the eigenvectors ��� , which belong to the
Hilbert space % . To this end, one can use the � -difference equation for Al-Salam–Carlitz I
polynomials, which can be written as

(8.4) � r�� ' îÂï1ò� ��ú�S � �w�DP � r . ú r � ' î ï1ò� � � ú S � �H�¬¦s��' îÂï1ò� ��ú�S � �pVP�ú r � �G�)�gúJ���G�þ�gú � P���' îÂï1ò� � � r . ú�S � �1�
where ¦��´�AP|�G�mp � ���G�)�gú�� � � ú � .

Multiply both sides of (8.4) by > � u  v and sum up over  , where > � are the coefficients
of '´î ï1ò� �4ú S � � in the expression (8.2) for � � �4ú�� . Taking into account formula (8.4) and the
fact that

3 r . u  vw� � r�� u  v , one obtains the relation

(8.5)
3 r . � � �AP � r . ú r � � ()� �¹¦ � � � pêP�ú r � �G�)�gú � P��2�G�)�gú���� ( " Ê � �

which is used in the next subsection.

8.2. Spectrum of � � and orthogonality of Al-Salam–Carlitz polynomials. Let us
analyze a form of the spectrum of � � . If ú is a spectral point of the operator � � , then (as it is
easy to see from (8.5)) a successive action by the operator

3 r . upon the vector (eigenvector of� � ) � � leads to the eigenvectors � ( ð � , M³�A���6¼´���6¼»��������� . However, since � � is a Hilbert–
Schmidt operator, not all of these points may belong to the spectrum of � � , since � r�: ú ý ½
when M ý p�½ if ú�f�²� . This means that the coefficient of � (#" Ê � > in (8.5) must vanish for
some eigenvalue ú�¨ . There are two such values of ú : ú��÷� and úU�AP . Let us show that both
of these points are spectral points of � � . Observe that 'ßîÂï1ò� �5�CS � �I�á�G�þP�� � � � î �8r . ò é � and'´îÂï2ò� �#P�S � �3�Ï�G���s� � � � î ��r . ò é � . Hence, for the scalar product '(�s.*� �W.�v we have the expression

(8.6)
z<�E{ ^ � r�� î �8r . ò é �� � S � � � �G�þP�� � �5�þP�� � � � � î �8r . ò � z<�E{ ^ � r/� î �8r . ò é �� � S � � � �5�þP�� � �÷�4PJS � � z F

Similarly, for '?� ï �)� ï v one has the expression

(8.7) '(� ï � � ï vw� z<�E{ ^ � r/� î �8r . ò é �� � S � �G� �G�þP�� r/� �Ï�G� � P�S � � z F
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Thus, the values úU�V� and úU�nP are spectral points of the operator � � .
Let us find other spectral points of � � . Setting ú°�B� in (8.5), we see that the operator3 r . transforms � ( Ë into a linear combination of the vectors �s( and �s. . We have to show that��( belongs to the Hilbert space % , that is, that

'?��(E� ��(�v3� z<�E{ ^ � � î �8r .-é �� � S � �5���G�þP�� � �5�þP8� � � � � î �8r . ò é �n� ' îÂï1ò� � � S � �s� � N ½ F
It is made in the same way as in the case of the scalar product '?: ï ( ü � : ï ( ü v in subsection
4.2. Therefore, � ( belongs to the Hilbert space % and the point � is an eigenvalue of the
operator � � . Similarly, setting ú±� � in (8.5), we find that � ( ü is an eigenvector of � �
and the point � � belongs to the spectrum of � � . Repeating this procedure, we find that all� ( ñ , ��Þ�Q���C�6��������� , are eigenvectors of � � and the set � � , ��á�Q���C�6��������� , belongs to
the spectrum of � � . Likewise, one concludes that the elements � ï ( ñ , y�©�����C�6��������� , are
eigenvectors of � � and the set P � � , ��±�Q�������Q������� , belongs to the spectrum of � � . So far,
we do not know yet whether there are other spectral points or not.

The vectors ��( ñ and � ï ( ñ , B� �����C�6��������� , are linearly independent elements of the
Hilbert space % . Suppose that values � � and P � � , ��Ï����������������� , constitute a whole spec-
trum of � � . Then the set of vectors �W( ñ and � ï ( ñ , ��ê�Q���C���Q������� , is a basis in the Hilbert
space % . Introducing the notations

* R T �+� ( / and
* ¨ R T �+� ï ( / , >��Õ�Q���C�6��������� , we find from

(8.5) that 3 r . * � �AP � r � �8r . * �Eo .��¹¦ � * � p�P � r � � �5�)� � � �2�G�)� � � � P�� * ��r .s�
3 r . * ¨� �AP r . � r � �8r . * ¨�Eo . �¹¦ ¨� * ¨� p�P r . � r � � �G�)� � � ���G�)�¹P � � � * ¨��r . �

where ¦ � �nP|�G�mp � �2�G�)� � � � � r î � �Eo . ò � ¦ ¨� �Ï�G�mp � �2�5�þ�¹P � � ��P r . � r î � �Eo . ò F
As we see, the matrix of the operator

3 r . in the basis
* � ,

* ¨� , å� �Q�������Q������� , is not
symmetric, although in the initial basis u M�v , M �÷�����C�6��������� , it was symmetric. The reason
is that the matrix X T �÷�5�4P :=� � z: 0 �C{ ^ �#P8¨:=� � z: 0 �E{ ^ �wtV�5�#P :=� �g�4P8¨:�� �-� with entriesP :=�UT � � : � � � �2�êP ¨:=� T � � : �#P � � �2�¯M°�-��A�Q�������Q�������/�
where � :´�4¦ � � � , ¦ß�÷���-P , are the coefficients (8.2) in the expansion

��J1( ñ �y< : � : �#¦ � � ��u  v/�
is not unitary. This fact is equivalent to the statement that the basis

* � ���W( ñ ,
* ¨� ��� ï ( ñ ,��A�Q���C���Q������� , is not normalized. To normalize it, one has to multiply

* � by corresponding
numbers « � and

* ¨� by corresponding numbers « ¨� . Let ë* � � « � * � and ë* ¨� � « ¨� * ¨� , ø��Q���C���Q������� , be a normalized basis. Then the matrix of the operator
3 r . is symmetric in this

basis. Since
3 r . has in the basis K ë* � � ë* ¨� L the form3 r . ë* � � « r .�Co . « � P � r � �8r . ë* �Eo .��¹¦ � ë* � p « r .�8r . « � P � r � � �G�)� � � �2�G��� � � � P8�më* �8r .*�

3 r . ë* ¨� � « ¨ r .�Eo . « ¨� P r . � r � �8r . ë* ¨�Eo . �j¦ ¨� ë* ¨� p « ¨ r .�8r . « ¨� P r . � r � � �5�m� � � �2�G���jP � � � ë* ¨�8r . F
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then its symmetricity means that« r .�Co . « �=P � r � �8r . � « r .� « �Eo . P � r � ��r � �5�)� � �Co . ���G�þ� � �Eo . � P��1�« ¨ r .�Co . « ¨� P r . � r � �8r . � « ¨ r .� « ¨�Eo . P r . � r � �8r � �5�)��P � �Eo . �2�5�)� � �Co . �2�
that is, « �« �8r . �H� ��G�þ� � � �2�5�)� � � � P�� � « ¨�« ¨�8r . �I� ��G�)� � � �2�5�þ�¹P � � � F
Therefore, for the coefficients « � and « ¨� we have the expressions« � � « � � é �� � � P�S � � .5é �� � � S � � .5é �� � « ¨� � « ¨ � � é ��#P � S � � .5é �� � � S � � .5é �� �
where « and « ¨ are some constant.

Thus, in the expansionsë��( ñ t©ë* � � < : « � � : � � � ��u M�v3t < : ëP :�� u MOv��
ë� ï ( ñ t©ë* ¨� � < : « ¨� � :ß�#P � � ��u MOvmt < : ëP ¨:�� u MOv��

the matrix ëX T �Ï� ëP :=� ëP8¨:�� � with entries

ëP8:���� « � � :´� � � �3� « Ç � �� � � PJS � � � � � S � � � � � r�: î :¤r . ò é �� � S � � : �G�þP�� : Í .-é � ' îÂï1ò: � � � S � �2�
ëP ¨:�� � « ¨� � : �#P � � �3� « ¨ Ç � ��4P � S � �G��� � S � �5��� � r�: î :¤r . ò é �� � S � �G:��G�þP�� : Í .-é � ' îÂï2ò: �4P � � S � �2�

is unitary, provided that the constants « and « ¨ are appropriately chosen. In order to calculate
these constants, we use the relations xAz:={ ^ u ëP :=� u � ��� and xnz:={ ^ u ëP&¨:=� u � �B� for ��Ï� .
Then these sums are multiples of the sums in (8.6) and (8.7), so we find that

(8.8) « �V�#P�S � � r .5é �z � « ¨ �Ï�G� � P�S � � r .5é �z F
The coefficients « � and « ¨� are thus real and equal to« �I� � � é ��#P�S � � .5é �z � � � P�S � � .-é �� � � S � � .-é �� � « ¨� � � � é ��5� � PJS � � .-é �z �#P � S � � .-é �� � � S � � .-é �� F
The orthogonality of the matrix X means that

(8.9) < : ëP8:=� ëP&:=� > �n@��E� > �å< : ëP ¨:=� ëP ¨:=� > �A@��E� > �å< : ëP8:=� ëP ¨:=� > �A�Q�
(8.10) < � � ëP8:=� ëP8: > �$p ëP ¨:=� ëP ¨:�>Ä� �3�A@�:=: >GF
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Substituting into (8.10) the expressions for ëP�:�� and ëP8¨:=� , we obtain��#P�S � � z z<:={ ^ � :� � � P�S � � : � � S � � : ' îÂï2ò� � � : S � ��' î ï1ò�E> � � : S � �
p ��G� � P�S � � z z<:={ ^ � :�#P � S � � : � � S � � : ' î ï1ò� �#P � : S � ��'´î ï1ò�E> �#P � : S � �

(8.11) �Ï�G�þP�� � � � S � �5� � � î �8r . ò é � @��E� > �
which must yield the orthogonality relation for Al-Salam–Carlitz I polynomials. A problem,
which remains to be clarified, is the following. We have assumed that the points � � and P � � ,��A�Q���C���Q������� , exhaust the whole spectrum of � � . Let us show that this is the case.

If the operator � � had other spectral points 	/R , then on the left-hand side of (8.11)
there would be other summands � ��/ '´îÂï1ò� �#	�R8S � ��'´îÂï2ò� > �
	�RQS � � , corresponding to these addi-
tional points. Let us show that these additional summands do not appear. For this we set��D ¨ �A� in the relation (8.11) with the additional summands. This results in the equality

(8.12)
��#P�S � � z z<:={ ^ � :� � � P�S � � : � � S � � : p ��5� � PJS � � z z<:={ ^ � :�4P � S � � : � � S � � : p�< R �0� / �V� F

In order to show that x R � ��/ �D� , take into account the relation�4! � � �|�-� � � �ßS � � z� � � �|��!�� � � �ßS � � z ��û . �#!$���¢S6�ßS � � � �p �4!$�-��S � � z�4� � � ��!�� � � �ßS � � z ��û . �#! � � �|�-� � � �ßS � � � �ßS � � � �3�÷�
(see formula (2.10.13) in [21]). Putting here ! �h� , �Y�h� and �Ñ� � � P , we obtain
relation (8.12) without the summand x R � ��/ . Therefore, one concludes that x R � ��/ �� . This means that additional summands do not appear in (8.11) and it does represent the
orthogonality relation for the Al-Salam–Carlitz polynomials. Due to this orthogonality, we
arrive at the following statement:

PROPOSITION 8.1. The spectrum of the operator � � coincides with the set of points � �
and P � � , j�D�Q���C�6��������� . This spectrum is simple and has one accumulation point at 0.

8.3. Duals to Al-Salam–Carlitz I polynomials. Now we consider the identities (8.9),
which give the orthogonality relations for the matrix elements ëP�:�� and ëP8¨:=� , considered as
functions of M . Up to multiplicative factors they coincide with

(8.13) ·����#	 S-P�S � �w� �Wû . �
	�� � r/� S3�QS � � � �Co . � P��/�±j�n�Q�������Q�������/�
(8.14) · ¨� �#	 S�PJS � �3� �Wû . �#	 �-P � r/� SH�QS � � � �Co . �/�êj�A�������������������
considered on the set of points � r/: , M³�A����������������� . Namely, we haveëP&:=��� « Ç � �� � � P�S � � � � � S � � � � � r/: î :¤r . ò é �� � S � � : �5�þP�� : Í .5é � �5�þP�� : � : î :¤r . ò é � ·���� � r�: S-P�S � �/�
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ëP ¨:=� � « ¨ Ç � ��4P � S � � � � � S � � � � � r�: î :¤r . ò é �� � S � � : �G�þP�� : Í .-é � �G�þP�� : � : î :¤r . ò é � · ¨� � � r�: S-P�S � �/�
where « and « ¨ are given by (8.8). The relations (8.9) lead to the following orthogonality
relations for the functions (8.13) and (8.14):

(8.15) �#P�S � � r .z z<:={ ^ L �
M���·���� � r/: S�PJS � ��·�� > � � r�: S-P�S � �3�Ï� � � PJS � �G�»� � S � �G� � r�� @��E� > �
(8.16) �G� � � S � � z z<:={ ^ L �
M���· ¨� � � r/: S�P�S � ��· ¨� > � � r�: S-P�S � �3�Ï�#P � S � �G�»� � S � �G� � r�� @��E� > �
(8.17)

z<:={ ^ L �
M���·���� � r/: S�P�S � ��· ¨�E> � � r�: S-P�S � �3�n�Q�
where

L �
M��w� �5�þP�� :� � S � � : � : î :¤r . ò é � F
Comparing the expression (8.13) for the functions · � � � r�: S-P�S � � with the expression����� � r�: S�P ¨ S � � T � ��û . � � r�� � � r�: S3�QS � ��� � �Eo . � P ¨ �

for the � -Charlier polynomials, one concludes that

(8.18) ·�� � � r�: S-P�S � �3�n����� � r�: S��þP�S � � F
Applying the transformation formula (see (III.6) from Appendix III in [21])�sû . � � r/� � ] SH��S � �-µ8�}�Ï� ] µ � � � � ��û . � � r�� � � � µJS}��S � � � � ] �
to the expression for the functions ·$¨� � � r/: S-P�S � � , we derive that

(8.19) · ¨� � � r�: S-P�S � �3�Ï�G�þP�� r/: ����� � r/: S���� � PJS � � F
Substituting the expressions (8.18) and (8.19) into the relations (8.15) and (8.16), we ob-
tain the orthogonality relations for the � -Charlier polynomials � � � � r�: S��þP�S � � and � � � � r/: S��� � P�S � � , where P N � . For � � � � r�: �3tÕ� � � � r�: S-P8¨4S � � , P8¨ £ � , it has the formz<:={ ^ P8¨ :� � S � �G: � : î :¤r . ò é � � � � � r�: �Q� � > � � r/: �3�Ï�G�þP ¨ S � � z � r/� �G� � � P ¨ S � � � � � S � � � @ �E� > F
It coincides with the orthogonality relation known from the literature (see, for example, Chap-
ter 7 in [21]).

Thus, we have shown that duals of the family of Al-Salam–Carlitz I polynomials '¢îÂï2ò� �� r�: S � � are two sets of � -Charlier polynomials, one taken with the parameter �þP and the
second one with the parameter ��� � P .
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The relation (8.17) leads to the following equality for � -Charlier polynomials:z<:�{ ^ � : î :¤r . ò é �� � S � � : ����� � r/: S��þP�S � �Q��� > � � r�: S���� � P�S � �-�}�n�Q�
where P N � .

The set of functions (8.13) and (8.14) form an orthonormal basis in the Hilbert space 6 �
of functions, defined on the set of points M©�A�����C�6��������� , with the scalar product

'4ÔC.*��Ô � v3� z<:={ ^�L �#MO�QÔ�.*�
M�� Ô � �
M��2�
where L �#MO� is the same as in formulas (8.15)–(8.17). One can deduce from this fact that
the � -Charlier polynomials �=��� � r�: S-P8¨#S � � , P8¨ £ � , correspond to indeterminate moment
problem and the orthogonality measure for them, obtained above, is not extremal.

9. Duality of little � -Laguerre and Al-Salam–Carlitz II polynomials.

9.1. Pair of operators �#� _ � 3 r . � . Let kätyk ï be a separable complex Hilbert space
of functions, used in sections 3–7, with the polynomial basis Ô�� , ø�¬�Q���C���Q������� , in it. We
fix a real number P such that � N P ND� r . . Let � _ be the operator on k©tAk ï , acting upon
the basis elements Ô � as

(9.1) � _ Ô*���nP&�)Ô*�Co . pqP8�8r . Ô*�8r . p ] �=ÔE�/�
with P � �²�þP .-é � � �Eo .-é � � �G�)� � �Eo . �2�5�þ��P � �Eo . �1� ] � � � � �G�mp�P��}��P � � R �G�mp � � F
Clearly, � _ is a symmetric operator.

Since P8� ý � and
] � ý � when  ý ½ , the operator � _ is bounded. We assume that

it is defined on the whole Hilbert space k and, therefore, it is a self-adjoint operator. Exactly
as in the previous cases one can show that � _ is a Hilbert–Schmidt operator. This means that
the spectrum of � _ is discrete and has a single accumulation point at 0. Moreover, a spectrum
of � _ is simple, since � _ is representable by a Jacobi matrix with P � f�A� .

To find eigenfunctions ��� of the operator � _ , � _ ���ß�Aúo��� , we set

���ß�Õ< � � � ��úJ��Ô � �
where � ����úJ� are appropriate numerical coefficients. Acting by the operator � _ upon both
sides of this relation, one derives thatz<�C{ ^o� � ��úJ� ~ P � Ô �Eo .Hp�P �8r .�Ô �8r .Hp ] � Ô � � �Aú z<�E{ ^o� � �4ú��QÔ � �
where P � and

] � are the same as in (9.1). Collecting in this identity all factors, which multiplyÔ � with fixed  , one derives the recurrence relation for the coefficients � � �4ú�� :� �Eo .E��úJ��P � p � �8r .*�4ú���P �8r .3p � � �4ú�� ] � �Õú � � ��úJ� F
The substitution

� � �4ú��w� Ç �4P � S � � ��4P � � � � � S � � � Í .5é � � ¨� �4ú��
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reduces this relation to the following one� � � �G���þP � �Eo . � � ¨�Eo . �4ú��1�þP � � �G��� � � � � ¨�8r . �4ú��-pß� � � �þP � � �Eo . p|P � � �þP � � � � � ¨� ��úJ�m�Aú � ¨� �4ú�� F
This is the recurrence relation for the little � -Laguerre (Wall) polynomials

(9.2) � � �4ú S-P�u � � T � � û .E� � r/� �-��S�P � S � S � úJ�w�Ï�#P r . � r�� S � � r .� � û ^ � � r�� �6ú r . S��¹S � S�ú � P�� F
Thus, we have � ¨R �4ú��w�¹� � �4ú S-P�u � � and, consequently,

(9.3) � � ��úJ�w� Ç �4P � S � �G��4P � � � � � S � � � Í .-é � � � ��ú�S�P/u � � F
This means that eigenfunctions of the operator � _ are of the form

(9.4) � � �#	��w� z<R { ^ Ç �4P � S � �5R�#P � � R � � S � �5R Í .-é � � R �4ú S-P�u � ��Ô R � z<R { ^ P r R�é � �#P � S � �-R� � S � �5R � R ��ú�S�P/u � �8	 R F
The expression for the eigenfunctions can be summed up. To show this one needs to know a
generating function

(9.5) ·��#	 S�º1SJP/u � � T � z<�E{ ^ �4P � S � � �� � S � � � �����
	 SJP/u � �8º �
for the little � -Laguerre polynomials. To evaluate (9.5), we start with the second expression
in (9.2) in terms of the basic hypergeometric series ��û ^ . Substituting it into (9.5) and using
the relation � � r�� S � �5R� � S � �5R �V�5���W� R � r R �Eo R î R r . ò é � � � S � � �� � S � �-R�� � S � � �8r R �
one obtains that

(9.6) ·��
	 SJº1S�P�u � �3� z<�E{ ^ �5�þP � º5� � � � î ��r . ò é � �<R { ^ �
	 r . S � �5R� � S � � R � � S � �G��r R � � r�� 	 � P�� R F
Interchanging the order of summations in (9.6) leads to the desired expression

(9.7) ·��
	�SQº1S�P�u � �3� t ( �5�þP � º5� ��û ^ �#	 r . �-��Sw��S � S5	Jº5�1�
where

t ( �4µ&�H�Ï�G�þµJS � � z is the � -exponential function of Jackson.
Similarly, if one substitutes into (9.5) the explicit form of the little � -Laguerre polyno-

mials in terms of � û . from (9.2), this yields an expression

(9.8) ·��
	�SQº1S�P�u � �3� t (E�G�þP � º5�t ( �5�)º5� � û .*�#���-��S � � º1S � S � 	/� F
Using in (9.4) the explicit form of the generating function (9.7) for the little � -Laguerre

polynomials, one arrives at

�����
	/�w� t (E�G� � P r _ é � 	/� � û ^ �4ú r . ���QS��¹S � S�P r .-é � úQ	/� F
Another expression for �����
	/� can be written by using formula (9.8).
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Since the spectrum of the operator � _ is discrete, only for a discrete set of values of ú the
functions (9.4) belong to the Hilbert space k . This discrete set of eigenvectors determines a
spectrum of � _ .

Now we look for the spectrum of � _ and for a set of polynomials, dual to little � -Laguerre
polynomials. To this end we use the operator

3 r . , where
3

is given by the formula
3 Ô � �� � Ô � . In order to find how the operator

3 r . acts upon eigenfunctions of � _ , one can use the� -difference equation

(9.9) � r/� úH� � �4ú��w�÷�þP�� � � � úJ� pÕ���þpqP7�¹ú��s� � �4ú��}�ø�5�)�¹ú��s� � � � r . ú��
for the little � -Laguerre polynomials �/����úJ�qt�����4ú S-P�u � � (see formula (3.20.4) in [27]).
Multiply both sides of (9.9) by ¦ � u  v and sum up over  , where ¦ � are the coefficients
of � � ��ú�S�P�u � � in the expression (9.3) for � � ��úJ� . Taking into account formula (9.9) and the
fact that

3 r . Ô � � � r�� Ô � , one obtains the relation

(9.10)
3 r . ���ß�÷�þP�ú r . �W( �»p�ú r . �4�þp�P$�gúJ�!���$�gú r . �5�þ�gúJ��� (#" Ê � �

which is used in the next section.

9.2. The spectrum of � _ and orthogonality of little � -Laguerre polynomials. Let us
find, by using the operators � _ and

3 r . , a basis in the Hilbert space k , which consists of
eigenfunctions of the operator � _ in a normalized form, and the unitary matrix ! , connecting
this basis with the initial basis Ô � , g�÷�����C�6��������� , in k . First we have to find the spectrum
of � _ .

Let us first look at a form of the spectrum of � _ . If ú is a spectral point of the opera-
tor � _ , then (as it is easy to see from (9.10)) a successive action by the operator

3 r . upon
the function (eigenfunction of � _ ) ��� leads to the eigenfunctions �W( ð � , Mâ�Õ�Q�6¼´���6¼»�Q������� .
However, since � _ is a Hilbert–Schmidt operator, not all of these points belong to the spec-
trum of � _ , since � r�: ú ý ½ when M ý p�½ . This means that the coefficient ú�¨ r . �A�
of � (�" Ê � > in (9.10) must vanish for some eigenvalue ú/¨ . Clearly, it vanishes when ú�¨þ�â� .
Moreover, this is the only possibility for the coefficient of � ( " Ê � > in (9.10) to vanish, that is,
the point úg�®� is a spectral point for the operator � _ . Let us show that the corresponding
eigenfunction � . t&� ( Ë belongs to the Hilbert space k .

One has the following equality�J���5�CS-P�u � �3� �Wû . � � r�� �-��SHP � S � � � �w� �4P � � ��4P � S � � � � � î �8r . ò é � F
Therefore, for the scalar product '?� . �)� . v in k we have

'?�W.E� �s.2vw� z<�E{ ^ �4P � S � � ��4P � � � � � S � �G� � �� �5�CS�P/u � �3�Ï�G���CS � � z F
Thus, the point ú��²� does belong to the spectrum of � _ .

Let us find other spectral points of the operator � _ . Setting ún� � in (9.10), we see
that the operator

3 r . transforms � ( Ë into a linear combination of the vectors � ( and � ( Ë .
Moreover, �W( belongs to the Hilbert space k , since the series

'(� ( �)� ( vw� z<�E{ ^ �4P � S � � ��4P � � � � � S � � � � �� � � S-P�u � �
is majorized by the corresponding series for � ( Ë . Therefore, ��( belongs to the Hilbert spacek and the point � is an eigenvalue of the operator � _ . Similarly, setting úO� � in (9.10), one
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finds likewise that � ( ü is an eigenvector of � _ and the point � � belongs to the spectrum of � _ .
Repeating this procedure, we find that all � ( ñ , ��A�Q�������Q������� , are eigenvectors of � _ and the
set � � , q�÷�����C�6��������� , belongs to the spectrum of � _ . So far, we do not know yet whether
other spectral points exist or not.

The functions �W( ñ , B� ����������������� , are linearly independent elements of the Hilbert
space k . Suppose that values � � , ¹�²����������������� , constitute a whole spectrum of � _ . Then
the set of functions �W( ñ , ����Q�������Q������� , is a basis in the Hilbert space k . Introducing the
notation

* R T �+� ( / , >��D�Q���C�6��������� , we find from (9.10) that

(9.11)
3 r . * R��÷�þP � r R * R o .3p � r R �4�þp�P7� � R � * R¤� � r R �5�)� � R � * R r . F

As we see, the matrix of the operator
3 r . in the basis

* R , >��n�Q�������Q������� , is not symmetric,
although in the initial basis u  v , y�³�Q���C���Q������� , it was symmetric. The reason is that the
matrix �#P :=� � with entries P :��jT � � : � � � � , M��5��V�Q���C���Q������� , where � : � � � � are the coef-
ficients (9.3) in the expansion �W( ñ � x : � : � � � �5Ô � , is not unitary. This fact is equivalent
to the statement that the basis

* � �+�W( ñ ,  �Õ�Q���C�6��������� , is not normalized. To normalize it,
one has to multiply

* � by corresponding numbers « � . Let ë* � � « � * � , j�Õ�����C�6��������� , be a
normalized basis. Then the matrix of the operator

3 r . is symmetric in this basis. It follows
from (9.11) that

3 r . has in the basis K�ë* � L the form3 r . ë* � �²� « r .�Co . « � � r/� P¢ë* �Co .3p � r�� �4�þp�P´� � � ��ë* � � « r .�8r . « � � r/� �G�þ� � � �më* �8r . F
The symmetricity of

3 r . in the basis K ë* ��L means that « r .�Eo . « ��P � r�� � « r .� « �Co . � r/�8r . �G�=�� �Eo . � , that is, « � � « �8r . � � P � � �G�=� � � � . Therefore,« ��� « ~ �#P � � � � � � S � �G� � .5é � �
where « is a constant.

The expansionsë� ( ñ �
	��mt©ë* ���#	��w�Õ< : « � � :ß� � � �QÔE:ntÕ< : ëP8:=�=ÔE:
connect two orthonormal bases in the Hilbert space k . This means that the matrix � ëPJ:��Q� ,M��5j�D�Q���C�6��������� , with entries

(9.12) ëP :=� � « � � : � � � �w� « Ç �#P � � �� � S � �5� �#P � S � � :�#P � � : � � S � �G: Í .-é � � : � � � S-P�u � �2�
is unitary, provided that the constant « is appropriately chosen. In order to calculate this
constant, we use the relation x z�E{ ^ u ëP ^ � u � � x z�E{ ^ « �� � �^ � � � �3�÷� . Since � �^ � � � �3�V� andz<�E{ ^ �4P � � �� � S � �G� �V�4P � S � � r .z �
we have « �V�#P � S � � .5é �z F

The matrix ! T �Y� ëP8:=�Q� is real and orthogonal. Thus, if ë* � , å� �Q�������Q������� , is a
complete basis in k , then !¤! r . �n! r . !n� t

, that is,

(9.13) < � ëP8:=� ëP8: > ���n@�:=: > �ã< : ëP&:=� ëP8:�� > �A@��E� >ÎF
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Substituting into the first sum over  the expressions for ëPQ:=� , we obtain the identity

(9.14)
z<�E{ ^ �#P � � �� � S � � � � : � � � S-P�u � �s� : > � � � S-P � �3� �4P � � : � � S � �G:�#P � S � � z �#P � S � � : @ :�: > �

which must yield the orthogonality relation for little � -Laguerre polynomials. However, we
have assumed that the points � � , g�²�Q���C���Q������� , exhaust the whole spectrum of � _ . Let us
show that this is the case. The reasoning here is exactly the same as in the previous sections.
Namely, we have found that the spectrum of � _ contains the points � � , ¬�Þ����������������� .
If the operator � _ had other spectral points 	/R , then on the left-hand side of (9.14) there
would be other summands � ��/ � : �
	/R8S-P�u � �s� :=> �
	�R�S-P�u � � with positive � ��/ , corresponding to
these additional points. Let us show that these additional summands do not appear. We setMä�yM�¨ �÷� in the relation (9.14) with the additional summands. Since � ^ �
	�S-P�u � �)�¬� , we
have the equality z<�E{ ^ �#P � � �� � S � �5� pø< R � ��/ �÷�4P � S � � r .z F
This formula is true only if x R �0��/��h� . This means that additional summands do not
appear in (9.14) and thus (9.14) does represent the orthogonality relation for little � -Laguerre
polynomials. Consequently, the following proposition is true:

PROPOSITION 9.1. The spectrum of the operator � _ coincides with the set of points� � , ��¬�Q���C���Q������� . This spectrum is simple and the functions �s( ñ , ��±�Q���C���Q������� , form a
complete set of eigenfunctions of � _ . The matrix � ëP :�� � with entries (9.12) relates the initial
basis KsÔ � L with the normalized basis K�ë* � L .

9.3. Al-Salam–Carlitz II polynomials as duals to little � -Laguerre polynomials. Now
we consider the second relation in (9.13). Taking into account the explicit expression for ëP :=� ,
one obtains the orthogonality relation for the functions

(9.15) ·���� � r/: SJP/u � � T �V�4P r . � r/: S � � r .: �Wû ^ � � r�: � � r�� S���S � � � � � P8� F
This relation has the form

(9.16)
z<:={ ^ �4P � � r�: �4P � S � � :� � S � �5: · � � � r�: SQP�u � ��· �E> � � r/: S�P�u � �3�V�4P � � r�� � � S � � ��4P � S � � z @ �E�E>8F

Comparing (9.15) with the Al-Salam–Carlitz II polynomials	 îÂï1ò� �
	�S � �w�Ï�G�þP�� � � r�� î ��r . ò é � � û ^ � � r/� �H	 S)�yS � � � � � P8� F
we see that they are related to the functions (9.15), and (9.16) therefore leads to the orthogo-
nality relation for the Al-Salam–Carlitz II polynomialsz<:={ ^ � :=ü P :� � S � �G:ß�#P � S � �G: 	 îÂï1ò� � � r�: S � � 	 îÂï1ò�E> � � r�: S � �3� P � � � S � � ��#P � S � � z � � ü @ �C�E> �
known from the literature. Thus, Al-Salam–Carlitz II polynomials are duals to the little � -
Laguerre polynomials.
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Appendix. In this appendix we prove the summation formula

(9.17)
z<�E{ ^ �#P ] � � ] � S � � ��4P � � � S � �5� �)�¹P ] � � �Eo .�)��P ] � P � � �Eü � �4P ] � �ES � � z�#P � S � � z F

First of all, observe that when
] �D� this relation reduces toz<�E{ ^ P � � �Eü�#P � � � S � �G� � ��4P � S � � z �

which is a well-known limiting form of Jacobi’s triple product identity (see [21], formula
(1.6.3)).

One can employ an easily verified relation

(9.18)
�#P � ���þP � S � � ��#P����þP�S � � � � �)�¹P � � � ��)��P �

in order to express the infinite sum in (9.17) in terms of a very-well-poised � û a basic hyper-
geometric series. This results inz<�E{ ^ �4P ] � � ] � S � �G��#P � � � S � � � �)�¹P ] � � �Eo .�)�¹P ] � P � � � ü � � û a Ç P ] � � ] � � � � P ] � �)� � � P ] �P � � � P ] � �)� � P ] � �3�Q�H� ���� � �-P � Í F
The next step is to utilize a limiting case of Jackson’s sum of a terminating very-well-poised
balanced � û�� series,

(9.19) � û a Ç P�� � � P��)� � � P�� ] � « �3¦� P��)� � P��3P � � ] �}P � � « �3P � � ¦ ���� � � P �] « ¦ Í � �#P � �-P � � ] « �-P � � ] ¦���P � � « ¦JS � � z�4P � � ] ��P � � « �-P � � ¦���P � � ] « ¦JS � � z �
which represents a � -analogue of Dougall’s formula for a very-well-poised 2-balanced � ·h�
series. When the parameters « and ¦ tend to infinity, from (9.19) it follows that

(9.20) � û a Ç P�� � � P��)� � � P�� ]� P��)� � P��3P � � ] �H���3� ���� � � P �] Ín� �4P � S � � z�#P � � ] S � � z F
To verify this, one needs only to use the limit relation¿ÄÁÂÃ@ 0 J Æ z � « �-¦JS � � � í P �] « ¦ ö � � � � î ��r . ò í P �] ö � F
With the substitutions P ý P ] � and

] ý ] � in (9.20), one recovers the desired identity (9.17).
Similarly, when ¦ ý ½ one derives from (9.19) the identities

(9.21)
z<�C{ ^ �G�)�¹P ] � � �Eo . ���#P � �-P ] � � « �-P ] � S � �G��5�þ�¹P ] � �2� ] � � «2� � � S � � � �5�þP � « � � � � î �8r . ò é � � �#P ] � � � « � P�S � � z� ] � � «2� S � � z �

(9.22)
z<�E{ ^ �G�)�¹P ] � � �Eo . �2�4P ] � � ] � � «2� S � �5��5�þ��P ] � ���#P � �-P ] � � « � � S � � � �G� « � P�� � � � î �8r . ò é � � �4P ] � � ��P � « S � � z�#P � ��P ] � � « S � � z F

They have been employed in section 7.
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We conclude this appendix with the following remark. There is another proof of the
identity (4.25), based on vital use of the same summation formula (9.19). Actually, a relation
may be derived, which is somewhat more general than (4.25). Indeed, consider the function

� R �#P�S � � T � z<�E{ ^ �G���W� � � � î �8r . ò é � �)�¹P � � �Co .�)��P � �4P � S � �G�� � S � � � � R �#HS-P��
for arbitrary nonnegative integers > , where the � -quadratic lattice �3�
HS�P�� is defined as above:�3�
HS�P8� T � � r�� pqP � �Eo . F
We argue that all � R��4P�S � �m�Õ� , >��Õ�Q���C�6��������� . To verify this statement, begin with the case
when >��n� and employ relation (9.18) to show that

� ^ �#P�S � �3� _ û _ Ç � � P � �)� � � P � �3P �� P � �)� � P � �3� ���� � ��� Í F
The summation formula (9.19) in the limit as ¦ ý ½ takes the form

a û a Ç P�� � � PJ�)� � � P�� ] � «� P��)� � PJ�3P � � ] �HP � � « �H� ���� � � P �] « Í � �#P � �-P � � ] « S � � z�#P � � ] ��P � � « S � � z F
In the particular case when

] « �DP � this sum reduces to_ û _ Ç P�� � � P��)� � � P��� � PJ�)� � P ���� � ��� Í � �4P � ���CS � � z� ] � « S � � z �D�þ�
since �#µJS � � z �n� for µ7�÷� . Consequently, the function � ^ �4P�S � � does vanish.

For >��³�C�6�����Q������� , one can proceed inductively. Employ the relation � �3�
Op²�CS�P��¤��3�
HS � � P�� to show that� R o . �#P�S � �3�V�5�mpqP � � � R �#P�S � �H� � r R r . �G�)�¹P � � �2�5�þ�¹P � _ � � R �#P � � S � � F
So, one obtains that indeed all � R��4P�S � � , > �¬�Q���C�6��������� , vanish. The identity (4.25) is now
an easy consequence of this statement if one takes into account that a product of the two
polynomials ¶ � �
�3�#MO�2S-P�� ] � « u � � and ¶ �E> �#�3�
M��1S ] �-P��-P ] � � « u � � in (4.25) is some polynomial
in �3�
M�� of degree �pø ¨ . This completes the proof of (4.25), which is independent of the
one, given in section 4.

REFERENCES

[1] G. E. ANDREWS AND R. ASKEY, Classical orthogonal polynomials, in Lecture Notes in Mathematics, 1171,
Springer, 1985, pp. 36–63.

[2] M. N. ATAKISHIYEV, N. M. ATAKISHIYEV, AND A. U. KLIMYK, Big � -Laguerre and � -Meixner poly-
nomials and representations of the quantum algebra �������8���Z� �-� , J. Phys. A: Math. Gen., 36 (2003),
pp. 10335–10347.

[3] G. E. ANDREWS, R. ASKEY, AND R. ROY, Special Functions, Cambridge University Press, Cambridge,
1999.

[4] R. ASKEY AND M. E. H. ISMAIL, A generalization of ultraspherical polynomials, in Studies in Pure Math-
ematics, P. Erdös, ed., Birkhäuser, Basel, 1983, pp. 55–78.
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