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ORTHOGONAL LAURENT POLYNOMIALS AND QUADRATURES ON THE
UNIT CIRCLE AND THE REAL HALF-LINE*

RUYMAN CRUZ-BARROSO AND PABLO GONZALEZ-VERA T

Abstract. The purpose of this paper is the computation of quadrature formulas based on Laurent polynomials
in two particular situations: the Real Half-Line and the Unit Circle. Comparative results and a connection with the
split Levinson algorithm are established. Illustrative numerical examples are approximate integrals of the form

D (C)) B
/71 (w—l—)\)f'w(m)d‘r , T=1,2,3,...

with f(z) a continuous function on [—1, 1], w(xz) > 0 a weight function on this interval and A\ € R such that
[A| > 1is required. Here the classical Gaussian quadrature is an extremely slow procedure.
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relations, split Levinson algorithm, numerical quadrature.
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1. Orthogonal Laurent Polynomials. The important role played by the theory of or-
thogonal polynomials in the construction of an n-point quadrature rule

(1.1) L(f) =Y A f(xy)
j=1
to approximate integrals of the form

b
(1.2) I#(f):/ fl@)dp(x) , —oo<a<b<+oo

(1 being a positive measure) so that I,,(f) exactly integrates polynomials of degree as large
as possible, is well known. Indeed, let o, () be the n-th orthonormal polynomial with re-
spect to the measure p and let z4,...,x, be its n distinct zeros. Then positive weights
A1, ..., A, can be uniquely determined so that the corresponding quadrature formula 7, (f)
satisfies I,,(P) = I,,(P) forall P € Iy, (II;: space of polynomials of degree k at most,
IT: space of all polynomials). This is the well known n-point Gauss-Christoffel (or Gaus-
sian) formula for the measure . on (a, b) (for a comprehensive survey on this topic see [11]).
Furthermore, these formulas are “optimal” in the sense that there is not an n-point rule (1.1)
which is in II,,,. It holds

1

J = —1

> im0 Pilxs)

The numerical power and effectiveness of such rules when dealing with smooth inte-
grands f(z) has been convincingly demonstrated. However, convergence can become ex-
tremely slow if the integral has singularities near the integration interval (a,b). In order
to overcome this drawback, quadrature formulas exactly integrating rational functions with
prescribed poles outside (a, b) have been considered as an alternative in the last years (see
e.g. [12], [23] or [3]). Thus, in this paper we shall be concerned with quadrature formu-
las (1.1) exactly integrating rational functions with all their poles at the origin and the in-
finity (Laurent polynomials) in order to estimate an integral like fs f(2)du(z), p being a

1.3) , j=1,....n.
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positive measure supported on S C C with either S = (a,b) ,0 < a < b < 400 0Or
S =T ={z€C :|z| =1} (the unit circle). Here the theory of orthogonal Laurent poly-
nomials will represent the basic ingredient in the construction of the corresponding quadrature
rules.

Thus, in general, let 1 be a positive Borel measure in the complex plane and consider
the Hilbert space L (p) of measurable functions ¢(z) for which [ |$(2)|?du(z) < +oc. As
usual, in Lo (1) we can define the inner product

(1.4) <GP >=< Ptp >,= / P(2)(2)du(z),  ¢,% € La(p).

Suppose that {¢x ()} _, is a system of linearly independent functions in L (). By ap-
plying the Gram-Schmidt orthogonalization process to {¢y(z)},_, @ new system of linearly
independent functions {¢(z)};_, can be obtained such that ¢,,(z) is a linear combination
of the n + 1 functions {¢x(z)},_, and

< on(2), pm(z) >= /gon(z)gom(z)dz = knOn,m, kn>0.

When the process is repeated for each natural n, an essentially unique system
{en(2)}2, of orthogonal functions with respect to the measure . is obtained. If moreover

lon ()P = / [on(2)Pdu(z) = 1,

then {¢n(2)},—, is called an orthonormal system. For our purposes we will concentrate
on the linearly independent system of monomials both with positive and negative exponents,
say ...,z 2,271,1,2 22,... yielding the so-called Laurent polynomials. Indeed, for p and
g integers such that p < ¢, A, , will denote the space of Laurent polynomials of the form
L(z) =31, a;z7 with a; € C and A the space of all Laurent polynomials. Observe that
AQJC = Hk.

Now, in order to generate a sequence of nested subspaces of Laurent polynomials similar
to the sequence of subspaces {II}}, - ,, we will start from two nondecreasing sequences of
nonnegative integers {p(n)}°2, and {q(n)}5°, such that p(n) + q(n) = n forall n =
0,1,2,...and set

Observe that Ly = Span{1}, dim (L,) = n + 1 and that £,, C £,,+1. Furthermore if
p(n) = 0then ¢g(n) = nand £,, = Ao, = II,. In the sequel, in order to guarantee that
UoZo L = A, we will assume that lim,,—.ocp(n) = limy,—.q(n) = oo and further restrict
ourselves to the particular case

n+1
2

n

| am=n-pw=5[3]. nzo

(15) b = |

where, as usual, E'[x] denotes the integer part of . In other words, the sequence {p(n)} has
induced the following “ordering” in A:

Noo, A1, A1, Ao, ...

Thus, according to this ordering we can construct a unique sequence (up to a sign)
{on(2)}52, of Laurent polynomials satisfying:
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1. ©n, Gﬁn\ﬁnfl s n = 1,2,....

2. <pu(z),R>,=0forall R € L,,—1 (..o, L Ly—1).

3. ||90n(z)||i =< @n(2), pn(2) >p=1.
In this case, {¢n(2)}52, will be called an orthonormal Laurent polynomial sequence cor-
responding to the measure . and the ordering induced by p(n) = E [%$1] which has been
the most extensively treated case in the literature. For other choices of p(n), see, e.g., [27],
[4] or [30]. As already said, in the rest of the paper we will concentrate on measures . sup-
ported not on the whole complex plane C but either on intervals (a, b) of the positive real
half-line or on the unit circle T . In the two following sections the differences and simi-
larities for sequences of orthogonal Laurent polynomials concerning both situations will be
displayed. In this respect and in order to fix a uniquely determined sequence of orthogonal
Laurent polynomials, we will use the concept of leading coefficient associated with a Laurent
polynomial (see [7]). Thus, for a given Laurent polynomial R there exists a unique natural
number n suchthat R € £,, and R ¢ L,,_1;n is called the “L-degree” of R for the ordering
established above. Observe that if P(z) is a polynomial of degree n, then its L-degree is just

2n. Indeed, P(z) € A_,,,, = Loy, and P(z) & La,—1. Setting R(z) = Zj(”)p(n) a;jz’, one

defines the leading coefficient of R as oy, if n isevenor a_,,) if nis odd. Clearly, for an
orthogonal sequence {¢,,(z)}>2, of Laurent polynomials, ¢,,(z) has a non-zero leading co-
efficient for each n, which will be sometimes assumed positive. When equal to one, ¢,,(z) is
said monic. Clearly, an orthonormal sequence {¢,,(z)} of Laurent polynomials with positive
leading coefficient for each n is uniquely determined.

The paper is organized as follows: In Section 2, n-point quadrature formulas for a mea-
sure won S = (a,b), 0 < a < b < oo, exactly integrating Laurent polynomials be-
longing to certain subspaces of dimension 2n are characterized. A three-term recurrence
relation for the sequence of orthogonal Laurent polynomials and a Christoffel-Darboux for-
mula are also mentioned. The same problem is studied in Section 3 for the unit circle
T ={z¢e€ C : |z = 1} and unlike the situation in Section 2, it is proved that there
can not exist an n-point quadrature formula with nodes on T that is exact in an appropriate
subspace of A of dimension 2n. The corresponding formulas with highest degree of exact-
ness in this situation (2n — 1) are characterized and a three-term recurrence relation for the
sequence of monic orthogonal Laurent polynomials on the unit circle is proved. In Section 4
we establish that the monic orthogonal Laurent polynomials are closely related to the first and
second singular predictor polynomials computed recursively for the split Levinson algorithm.
Finally, in Section 5 illustrative numerical examples are given.

2. The Real Half-Line: L-Gaussian Quadratures. In this section we will assume that
the measure p is supported on the interval (a,b) where 0 < a < b < +o0. Thus, we are
interested in approximating

b
1) 1(H) = [ 1@inta)
by means of an n-point quadrature rule
(22) L(f) =) Ajf(x))
j=1

where the nodes (which are assumed distinct and in (a, b)) and weights are to be determined
by imposing
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for any Laurent polynomial R with L-degree as large as possible, i.e., R € Ly, where
N = N(n) and as large as possible. For this purpose, proceed in a way similar to the
polynomial case. Thus, since £,,_1 is a Tchebyshev space of dimension n on any subinterval
of (a,b), given n distinct nodes z1,zs,...,x, on (a,b), the weights A4,..., A, can be
determined so that

(2.4) I,(R) = I,(R) = XH:AJ» f(z;), VYRE Loy
j=1

Furthermore, it also holds that if L,_1(f,-) represents the unique Laurent polynomial in
L,,—1 interpolating f at the nodes {x; }?:1- then

(2.5) In(f) = Lu(Ln-1(f,))-

For this reason I,,(f) given by (2.4) sometimes will be called of interpolatory type.
Now, in order to increase the “L-degree” of exactness we have the following result.
THEOREM 2.1. Let I,(f) = 327, A;f(x;) be an n-point quadrature formula such
thatxz; #0fori=1,...,n. Then, I,(f) = I,(f) forall f € £,,1, with > 0 if and only if
1. L,(f) is of interpolatory type
2.

(2.6) < Ry,(z),h(x) >=0, Vh(z) € L, (ie,Ry(x) L L,),

where Rn(a:) _ Qu(@ _ I17-: (z—=5) €L,

p(n) zr(n)

Proof. Similar to the proof of Theorem 3.1 (in the next section). See also [20] for the
polynomial situation with r = n — 1.

a

It should be taken into account that since we are dealing with real-valued functions, we

do not need complex conjugates in the inner product. On the other hand and concerning the

integer 7, one actually has 0 < r < n — 1, since it is very easy to check that there does

not exist an n-point quadrature formula which is exact in £ with N > 2n. Thus, we are

interested in constructing quadrature formulas, like (2.2), exact in £, with 0 < r <n — 1.
From (2.6) it follows that

n

(2.7) Ru(2) = Y ajp;(2),

j=r+1

where {¢,(2)}52, is the corresponding sequence of orthonormal Laurent polynomials for
the measure 4 on (a,b). Now, the following question immediately arises: Is it possible
to choose the parameters «; in (2.7) so that R,,(z) has exactly n distinct zeros in (a, b)?. A
positive response can be given when the largest domain of exactness is required, i.e. » = n—1.
THEOREM 2.2. Let ¢, (x) denote the n-th orthonormal Laurent polynomial with respect
to the measure . on (a,b). Then,
1. p,(x) has exactly n distinct zeros on (a, b).
2. The zeros of ,,(z) and ,11(x) interlace.
3. Letxy,...,x, be the zeros of v, (x). Then there exist positive weights A4, ..., 4,,
such that

n b
@8 L) =Y Aife) = 1) = [ f@dule), ¥ € Lonr.
j=1 a
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Proof. See [7], [19] or [16].

O

REMARK 2.3. The quadrature formulas given by (2.8) were earlier introduced in [19]
(see also [18]). Through this last paper a new area of mathematics was opened leading
to a strong moment problem and related topics (continued fractions, two-point Padé ap-
proximants, . ..) and where orthogonal Laurent polynomials made their appearance. These
quadrature rules which we shall refer to as L-Gaussian formulas, have been considered by
different authors in the last years (see [7], [4] or [5]). For alternative approaches see [26]
and [22]. As for numerical experiments see [26], [2] and [15].

In the rest of the section we will survey the most relevant features of the L-Gaussian
formulas in connection with the orthogonal Laurent polynomials. The closest parallelism
with classical Gaussian formulas and orthogonal polynomials will be specially emphasized.
We start with a three-term recurrence relation (see [26]):

THEOREM 2.4. Let {R, (%)}, be the sequence of orthogonal Laurent polynomials
normalized as follows. Set R,,(z) = f;((j)) , Where B,,(z) is a monic polynomial of degree n.
Then

(2.9) Rpy1(2) = (2 — 5n+1)2d(n)Rn(2) —apt1Rn-1(2), n >0,

with R_1(z) =0, Ro(z) = 1, where

| -1 if mniseven
d(n)—{ 0 if mnisodd

and

Mo Pn Op—1
ar=fio, Pr1=-—, Qpi1= » Bnt1 = —Qnta , n=>1l
H—1 Pn—1 On

Here,
b
Hok =/ afdu(z) | pn =< Ry, t'™ > | 0, =< Ryt~ 5

(Recall p(n) = E [2], q(n) = E [%]). Furthermore, both a,, and 3, are positive for
n > 1.
O

REMARK 2.5. In [7] a Favard-type theorem for the sequence { R,,(z)}52, is proved.

For the weights Ay, ..., A, in the n-point L-Gaussian formula, similar results to the
polynomial case are also true. Since ¢, € L, = A_pn)q(n) and has n distinct zeros on
(0, 00) We can write @, (z) = v,z P + - 4+ u, 29 (u,v, # 0). We will also require
the normalization conditions: u,, > 0 forall n = 0,1,2,.... First, we need the following
Christoffel-Darboux formula (see [24]):

THEOREM 2.6 (Christoffel-Darboux). Let {¢,(z)}52, be the orthonormal sequence of
Laurent polynomials. Then, setting A(n) = (—1)", one has

(2.10) o
x " Yy A(n)
~ (z A(n)vy, o)1/ (5) Ont1(2)pn(y) — (5) ©n(x)Pnt1(y)
;wz( )ei(y) = - (zy) p—y
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Letl; € £,_1 besuchthatl;(xzx) = §; 5, where {z1,...,z,} as usual are the zeros of
the n-th orthonormal Laurent polynomial ¢,,(x). Clearly l? € Loyp—1,hence 4; =1, (lf) >
0, j=1,...,n. Onthe other hand, from (2.10) with « = z; and letting y tend to =, the
following theorem can be proved (see [6] for details):

THEOREM 2.7. Let ¢, (z) be the n-th orthonormal Laurent polynomial for the measure
p. Then, the weights {A;}7_, are given by

1
n—1
Zi:o ‘P? (z;)

REMARK 2.8. As a conclusion we can say that the n-point L-Gaussian quadrature
rule (1.1) is completely characterized in terms of the orthonormal Laurent polynomials
{¢r(2)},—o Which can be recursively computed by relation (2.9).

Aj: 5 j:1,...7n.

3. The Unit Circle: Szegé Quadratures. In this section we shall be concerned with
positive measures supported on the unit circle T which in the sequel will be denoted by o (in
order to avoid a possible confusion with the measure . on (0, oo) considered in Section 2).
Since we will deal now with complex-valued functions, complex conjugation will be again
required in the inner product induced by o, i.e.

(31) <hgzo= [ F(E)T@Ndo0) , figeLsT)
We are interested in approximating the integral
(32) L= [ fGae) = [ 1) doo)

by an n-point quadrature rule with nodes on T,

n

B3)  L(H=D_Nflz) ., z#m ((#k) ., z%eT, VYi=1...n

Jj=1

Thus, starting from n distinct nodes z1, ..., z, on T, and since £,,_1 is also a Tcheby-
shev space of dimension n.on T , weights A1, ..., A\, can be determined so that

(3.4) IL(f)=1(f) , Yfe€Ll,.

Here it also holds that I, (f), characterized by (3.4), can be represented as

(3.5) L(f) = 1o (Rn-1(f, )) )

where R, _1(f,-) is the Laurent polynomial in £,_; which interpolates f at the nodes
{#;}}—1. However, the first difference with the real half-line appears when an appropriate
selection of the nodes {z;}7_, is required in order to increase the dimension of the subspace
of Laurent polynomials where exactness of the quadrature formula takes place. Because of
the inner product (3.1), we need the following subspaces for r > 0,

£r* = {f €A ) f* € ET} = A—q(r),p(r)7

where for f € A: f.(2) = f (%) (“substar-conjugation”). Under these conditions, orthogo-
nality immediately arises, as follows (compare with Theorem 2.1).

THEOREM 3.1. Let I,,(f) = >_7_; A, f(2;) be an n-point quadrature formula such that
zj #0forj=1,...,n. ThenI,(f)isexactin L, L., r > 0,ifand only if
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1. I,(f)isexactin L, 1.
2.

(3.6) < Ry(2),9(2) >»=0, Vg€ L, (ie,Ry, L L,),

where R,,(z) = CZ?:(SLZ)) _ H?:;p((i)—zﬂ cL,.
Proof.- “==" 1.- Trivial. 2.- Recall that £, L. = A_(pm)+q(r)),(q(n)+p(r)) and
Ly = A_piyqm- Thus, < Rn(2),9(z) >,= 0 forall g(z) € L, is equivalent to

< Ry (2),2? >,=0forall —p(r) < j < q(r). Now,

< Rp(2),7 >o= /F R, (2)z 7 0(0)dd = ! Zg&()i)jaw)dﬂ.

-7
For j = ¢(r) and since Q,,(z) has exact degree n, we see that

Qn(z) _
ot € A7(10(71)%;((7")),(n*p(n)*q(r)) = A*(10(71)%;{(7”)),(q(n)*q(r)) -

C A (pm)tar).(atn)+air) = Lalrs
On the other hand, for j = —p(r) we have

Qn(2)

zp(n)—p(r)

€ A_(p(n)-p(r),(n—p(n)—p(r)) = D—(p(n)=p(r).(a(n)+p(r)) T

C Ao my+am),atn)+p(r) = LnLlrs.
Thus, for —p(r) < j < q(r), Rn(2)277 € L,,L,.. Therefore one can write
< Ry(2),27 >o=1, (Ra(2)277) = I, (Rn(z)zfj) =0

since R, (z;) = 0.

“<="Let z1,..., 2, be the zeros of R, (z) € L,, so that (3.6) holds. Then a quadrature
formula based upon these nodes, such as I, (f) = Z};l A; f(z;), can be determined so that
it is exact in £,,_1. Setting L) (2) € £,,_; such that L) (z;) = &y, then \; = I, (L))
forall j=1,... n.

Take L(z) € L, L~ and define A(z) = L(z) — Y7 L(z;)LY(2). Thus, A € L, L.,
A(z;) =0forall j =1,...,n, and we can write

Qn(2)S(2)

Observe that A(z) = R, (z)H (z) with H(z) = j;(i}. Hence, setting T'(z) = H.(z) € L,,
we have

I,(A(2)) = I,(Rn(2)Tx(2)) =< Rp(2),T(z) >»= 0,
which yields

LLE) = I (AR) + oy L) L9 (2)) = L(A(2) +

+ I (X5 LGPV (:)) = Sy I (B9 (2)L(z;) = Ln(L).
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Consider now the family of monic Szeg6 polynomials {p,(z)}22 , orthogonal with respect
to the inner product (3.1), i.e., forn = 0,1, ... then p, () satisfies

(3.7) <pn(2),2™>e=0 (0<m<n-1)
and

where A,, is the n-th Toeplitz determinant of the trigonometric moments of o. Set p*(z) =
2" pns(2) (reciprocal polynomial). Then, from the above orthogonality conditions both for
{pn(2)}52yand {¢,(2)}52, (recall that ¢,,(z) denotes the n — th orthogonal Laurent poly-
nomial with respect to the measure o) the following relation between ¢,,(z) and p,,(z) is
deduced:

(3.9 ton(2) = Zinpm(z% Gony1(2) = #Pgnﬂ(z)-

On the other hand, it is well known (see [1]) that the zeros of the polynomial p,,(z2) are
located inD = {z € C : |z| < 1} and consequently, the zeros of p}(z) INE ={z € C
|z| > 1}. From this fact and (3.9) we obtain the following result

LEMMA 3.2. The zeros of ¢2,,(z) and ¢o,+1(z) are located inD and E respectively.

O

REMARK 3.3. Actually r in Theorem 3.1 should be taken such that 0 < r < n — 1.
Indeed, assume r > n, i.e., 7 = n+kwithk > 0. Then, £, L.« = A_ (4 q(k)),(n+p(k)) SINCE
for p(n) = E [%] and ¢(n) = n—p(n) = E [%] itholds that p(r + s) = p(r) + p(s) and
q(r + ) = q(r) + q(s). Thus, if Qn(2) = [[;—, (2 — 2;), then

1Qn(2)? = Qu(2)Qn(2) € A_pp C LpLy (2 =€)

Hence, 0 < [7_|Qn(2)[*do(6) and I, (|Qn(2)[?) = 0.
Let us next see what happens with the largest reachable domain of exactness, i.e., if
r = n — 1. Unlike the situation on the half-line we have the following negative result.
THEOREM 3.4. There can not exist an n-point quadrature formula with nodes on T to
be exactin £,,L,,—1).. Proof.- Suppose that there exists such a formula:

In(f) = Z/\Jf(zj) = Ia(f)

where |z;| = 1fori = 1,...,n. Define R,,(2) = % € L,. Then by Theorem
3L R, L L, .

Thus, if {¢r(2)}72, is a sequence of orthogonal Laurent polynomials, then R, (z) =
An®n(z) (An # 0). So, the nodes z1, . . ., z,, are the zeros of ¢,, (z), which can not be located
on T by Lemma 3.2 and a contradiction arises.

m|

Now, the next step would be to consider the case » = n — 2. More precisely, one might

wonder is it possible to construct an n-point quadrature formula with distinct nodes {z;} on

T to be exactin £,,L(,—2).? By Theorem 3.1if R,,(z) = % then R, (2) L L,,_o.
Hence,

(3.10) R, (2) = adn(2) + Bon-1(2), «a,p €C,
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where {¢1(2)}72, is a sequence of orthogonal Laurent polynomials. So, from (3.10) the
above question can be reformulated as follows: Is it possible to find o and 3 in (3.10) so that
R, (2) has its zeroson T ?

THEOREM 3.5. Parameters « and 3 in (3.10) can be conveniently chosen so that
R, (2) = a¢n(z) + fon—1(2) has exactly n distinct zeros on T.

Proof. Setting R,(z) = Ng(j)), with N,,(z) being a polynomial of degree n at most
depending on « and 3. These parameters should be chosen so that N,,(z) satisfies the fol-
Iowing

N, (2) has exact degree n.
2 N} (z) = A Np(z) with A, # 0.
3. < Np(z ) P >g—0 1<k<n-—1,< Np(2),1 >,#0, < Np(2),2" >,# 0.
Now by using Theorem 6.2 in [17] the proof follows.
O

Hence, from Theorems 3.1 and 3.5 we obtain the the following result
THEOREM 3.6. Let{z; ..., 2, } be the n distinct zeros of R,,(2) = a¢,(2) + Bdn_1(2)
as given in Theorem 3.5. Then, there exist positive numbers A1, ..., A, such that

=2 Nf@) =1(f) V€ LaLinz.

Proof. It only remains to prove that the weights A4, ..., A, are positive. Indeed, for
1<j<mnlet LU(z) € L(,_1) besuchthat L;(z;) = 6 for 1 < j,k < n. Then, for
z€T,|L;i(2)]? € Lin-1)Ln—1)s = LnL(n—2)- as can be checked easily. Now, the proof
immediately follows, since

0< I, (|L;]?) ZAML (z)fP=X, j=1,...n

O
So, from Theorems 3.1 and 3.6 quadrature formulas with nodes on T which are exact in
L L,,—2). can be essentially characterized by means of the Laurent polynomials of the form

(3.11) Ru(2) = adn(2) + Bdn-1(2),

which by analogy with the polynomial situation (see e.g. [1]) could be called “para-
orthogonal Laurent polynomials”. On the other hand, one also has that

LnLin—2yx = Lin—1)Ln—1)x = D_(n-1),(n—1)-

Quadrature formulas with nodes on T to be exactin A_,,_1y,(,—1) Were earlier introduced
by Jones, et al. ([17]) in connection with the solution of the trigonometric moment problem
(see also [29] and [14]). Such quadratures were named “Szeg6 formulas™ and all studied in a
series of recent papers: [13], [25], [8] [9].

As a consequence, making R, (z) = a¢n(2) + Bpn—_1(2) =
[17] one can write

No(2) = M [on(2) + Tapp(2)] , A #0 . |m| =1

In [17] polynomials of the form p,,(z) +7pZ (z) are called “para-orthogonal”. In the next
section we will concentrate on the particular cases r,, = +1.

by Theorem 6.1 in

zp(n) '
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In the rest of this section we will continue to emphasize the analogies and differences
between the real half-line and the unit circle. The following theorem yields an alternative
expression for the weights A; (compare with Theorem 2.7).

THEOREM 3.7. Let {ék}zozo be the sequence of orthonormal Laurent polynomials and
set I,(f) = >_j_1 Ajf(zj) = I, (f) forall f € £, L(,,_2).. Then

1
o ‘(l;k(zj)

Proof. Direct consequence of Proposition 3.4 in [13] and (3.9).

Aj = 5-

O
REMARK 3.8. Observe that unlike the real half-line situation now the nodes {z;}"_; in

the quadrature formula are not the zeros of ¢, (z)

THEOREM 3.9 (Three-term recurrence relation). Let {4, }5° ; be the sequence of Schur
parameters (or reflection coefficients) for the measure o, i.e., §,, = p,(0), where p,(z) is
the n-th monic Szegd polynomial with respect to the measure o, and let {¢,,(2)}52, be the
sequence of monic orthogonal Laurent polynomials. Then, it holds that

(312) (bn(z) = (An + An—lz(_l)n) ¢n—l(z) + (1 - |6n—1|2) Z(_l)n(bn—Q(Z)v n>2,
with
On, of miseven,
z On, if misodd.

Proof.- From the recurrence relations satisfied by the Szegd polynomials (see [28]):

w(x) = pie)=1
(3.13) pn(2) = zpn—1(2) + dnpj_1(2)
n=1,2,
pi(z) = Onzpn-i1(2) + pj_1(2)

we deduce the initial conditions ¢o(2) = po(2) = 1, ¢1(2) = Lpi(z) = L (1+612) =
o1 + % (since p1(z) = p1(0) + z = 01 + 2) and the relations

(3.14)
1 1 N 1
Pan(2) = Z—npzn(z) = o [ZPanl(Z) + 52np2n71(z)] = Fanfl(Z) +
1, 1 . Lo,
+ 6271Z_np2n71(z) = 1 [szn—2(2) + 52n—1ﬂ2n72(2)] + 62nz_np2n71(2) =

1 [ L, 1
= ﬁp%—?(z) + 52"—1F92n72(2) + 62nz_np2n71(z) = ﬁp%—?(z) +

Lo S — L,
+ 6271—1F [P2n71(2) - 52n_12P2n—2(Z)] + 62nz_np2n71(2) =
1 1, 1
= Fp?n—Q(Z) + d2n—1 Fan—l(Z) — 02p—102n—1 mpzn—2(2)+

1, 1, 1
+ 6271Z_p2n—1(2) = (d2n+020-12) Z_np2n—1(z) + (1—=162n-1/%) n—2 pan—2(2)

n

= (02n + 02n—12) P2n—1(2) + (1 — |02n-1]%) 2d2n—2(2)
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and
(3.15)
1, 1 — . 1
Pon+1(2) = WP%H—I(Z) = [02nt12p2n(2) + P5,(2)) = O2nt1 Z—npzn(z) +
1, 1 R )
T Wﬂzn(z) = Oan+1 Z—npzn(z) + ontt (O2nzp2n—1(2) + p3,-1(2)) =
— 1 — 1 L,
= O2n+1 Z—npm(z) + 62nz_np2n—1(z) + Wp%z—l(z) = dont1 Z—npm(z)
— 1 . 1, 1
+ 52nﬁ (Pzn(z) - 62np2n—1(z)) + Wp%z—l(z) = O2n+1 Z—np2n(z)
1 — 1 1
+ 5znﬁp2n(2) - 52n52nmp2n—1(2') + mﬂ%—l(z) =
don\ 1 oy 1
= (52n+1 + 7) Z—npzn(z) + (1 — |02n| ) WpZn—l(Z) =
——— O o 1
= | d2nt1 + — ban(2) + (1 — |62n]?) ;¢2n—1(2)~
Now (3.12) follows from (3.14) and (3.15). O

REMARK 3.10. For an alternative proof of Theorem 3.9 based upon certain continued
fractions, see [30]. On the other hand, if the trigonometric moments p;, = ffﬂ e~ do(0)
are real, then 0, € R and (3.12) can be written as

(3.16) %(z)z(6n+5n71z<*”“)¢n71<z)+(1—|6n71|2) 2, 5(2), n>2.

EXAMPLE 3.11. Consider the biparametric family of measures

0 2a+1 0 28+1
do(6) = |sin (5) cos (5) dg, «,B>—1.
In this case it is known (see [28]) that
a+pf+1 a—pf
o =————€R, dogpy1=——"——€R.
M Yot Bl R TR I
When 5 = —%, the measure and the Schur parameters are given by
AN 20+ 1
do(0) = |sin | = e, b6,=—-"— |, -1
o(6) szn<2) , 0 201 o>
and in the particular case o« = 3 = —%, we have do(f) = df (Lebesgue measure) and

0n =0 Vn =1,2,.... Now from Theorem 3.9, we deduce

ISEN=

¢n(z) = 2(71)”(25”72(/2)’ ¢O(Z) = 1a ¢1 (Z) =

S0, ¢y (2) = 2™ and ¢ay41(2) = -y foralln = 0,1,2,.. .. Since

< 6u(2), 8k(2) >o=| 1(2) ||2:/ d8 = 2r, k=0,1,2,...

—T
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the orthonormal sequence {&n o Is given by

~ 2N ~ 1
n(2) = ; n = —, =0,1,2,...
¢2 (Z) \/% ¢2 +1(Z) \/%ZR'H‘ n
and from (3.11) we obtain:
1. Ifniseven:
Ro(2) = atn(2)+ Bn-1(2) = O‘;;f’ 0= "+ 5 =0, a £0, 'g‘ _
2. If nis odd:
2"+« «
Ra(2) = a0u(2) + Bona(a) = 52, 520, |G = 1

Thus, the nodes {z; }"_, of any n-point Szegd formula for the Lebesgue measure are the roots
of 2" +7 =0, |r| = 1and the weights {)\;}7_, are given by
1 1 2
Aj: 5 = :—W,j:L...,TL
n—117
pary AEN)

(compare with [20, pp. 73-74]).

4. A connection with the split Levinson algorithm. In general, when one needs to
compute an n-point Szegd formula for a measure o on T, we start from the usual known
information about o, i.e., its trigonometric moments uj, = ffﬂ e *do(0), k € Z, so
that, as already seen through Section 3, we essentially need to calculate the (monic) Szegd
polynomials pg, ..., p,. As a rule, these polynomials are not explicitly known (unless for
some particular measures o). Hence they should be computed from the relations (3.13).
Thus, the well known Levinson algorithm arises [21]. Assume now (as will be done in the
rest of the section) that the trigonometric moments 1, are real (a very common situation as
illustrated in Section 5). In this case, Levinson’s algorithm is redundant, in the sense that more
operations than the required ones are carried out. To overcome this drawback a modification
of this algorithm was studied giving rise to the so-called “split Levinson algorithm” (see
[10]). Here, certain polynomials closely related to Szegd polynomials are computed so that
the number of required operations is halved. Let us next see how these polynomials arise in
the context of the construction of Szegd quadrature formulas. Indeed, in order to compute
the nodes of an n-point Szeg6 formula and since we are dealing with real moments, it seems
natural to handle polynomials (whose zeros provide us with the required nodes) with real
coefficients. In other words, the parameters oz and 3 in (3.11) will be chosen so that

Np(z) M (pn(2) + Tnp;(2))
ZP(") B ZP(")

Rn(z) = a¢n(z) + ﬂqsnfl(z) =

3

where \,, 20,7, € R and|r,| = 1.
Set first 7, = 1. Then by (3.13) it follows (now §,, € R )

Nn(2) = An(1+ 6n) [0271(2) + anfl(z)] :

Thus, taking \,, = ﬁ one has

(41) Nn(z) ZP;;A(Z)‘*‘ZPn—l(Z) :Pn(z)
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By [10] it can be shown that the polynomial P, (z) represents the basic ingredient in the
“symmetric version” of the Levinson-split algorithm (here it should be noted that from the
context of the solution of Toeplitz systems, pZ (z) is called the “predictor polynomial™). For
this reason, P, (z) given by (4.1) is sometimes called the “first singular predictor polynomial
of degree n”, since roughly speaking it can be interpreted as though in (3.13), §,, is forced to
take the value 1.

Setting P, (z) = ZJ o Pn,j27 In[10] itis proved that the sequence { P, (z)} satisfies the
following three-term recurrence relation,

4.2) Poi1(2) — 1+ 2)Pp(2) + anzPr_1(2) =0, n>1,

with initial conditions Py(z) = 2, Pi(z) = 1 + 2, and where «,, = 77—" with ~,, =

-1
Z?:o HiPni forn > 1and vy = uo.
On the other hand, for 7,, = —1, again by (3.13) it follows that

Ni(2) = An(0n — 1) [P;;—l(z) - an—l(z)} :

Thus, with \,, = ﬁ one can write forn > 1,

4.3) No(2) = p1(2) = 2pai(2) = Pu(2).

Now, Pn(z) is the basis of the “antisymmetric version” of the Levinson-split algorithm and
used to be called the “second singular predictor polynomial” (set 4, = —1 in (3.13)). By
defining Py(z ) = 1, the polynomials P, (z) forn = 1,2,...are given by P;(z) = 1 — z,
Py(z) =1 — 2% and for n > 2 it holds

(44) pn+l(z) - (1 + Z)Pn(z) + dnzpn—l(z) = 07

where &,, = 77“ with 7,, = ZZ — o MiDn,i and P, (z) = Z o Pn G20
In order to illustrate relations (4.2) and (4.4), let us consnder the Lebesgue measure, i.e.,
do(0) = df. Then,

M = / e k0dp =0, k>1, po=2m.

—T

From (4.2) it can be easily checked that P,(0) = pro = 1 for & > 1, which gives
vk = po for k > 0, and hence o, = 1 for k > 1. Then (4.2) becomes

(45) Pn+1(z) - (1+Z)Pn(z)—|—an_1(z) :Oa n > 1>

with Py(z) = 2 and P;(z) = 1. Since (4.5) is a linear second order finite diference equation
with constant coefficients, it holds that

Pn(Z) =C1 + ngn, Cl,Cg € R.

From the initial conditions, one has C; = Cy = 1, so that an explicit expression for the
polynomial P, (z) is obtained, namely

(4.6) P.(z)=2"+1, n=0,1,2,...
Similarly for the sequence { P, (z)} one has

4.7) Poy1(2) = (14 2)Po(2) + 2Py 1(2) =0, n>2,
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with P(z) =1 — zand Py(z) = 1 — z2. Thus, forn > 2,

(4.8) P,(z)=1-2".

Clearly, (4.8) holds for n = 1.

When dealing with other measures o, in general, equation (4.5) or (4.7) cannot be
explicitly solved so that we need to compute recursively the polynomials {P, ()}, or
{Pn(2)}52, (for details concerning stability, see [10]).

We conclude this section rewriting the polynomials { P, (2)}2, and {P,(z)}52, in
terms of the orthogonal Laurent polynomials ¢,,(z) and ¢,,—1(2).

THEOREM 4.1. Let o be a measure on T with real moments and let {¢;}7° , be the
sequence of monic orthogonal Laurent polynomials. Let P, (z) and P,(z) be the first and
second singular predictor polynomials of degree n respectively. Then

L Pu(z) = 205 [0 (2) + (1= 80)6n 1 (2)]
2. Po(z) = 2P (1) 60 (2) = (14 00) 81 (2)

Proof.

1. Recall that ¢2,,(2) = 2 pon(2) and G241(2) = =1 p3,41(2). Now for a and 3
complex numbers, consider

Then, for n = 2m it follows that

apam(2) + Bpsm_1(2)

Zm

Rzm (Z) =

and forn =2m+1

apsn1(2) + Bzpam(2)
Zm+1

Romy1(2) =

Now, making use of (3.13), we have

Rop(2) = azpam—1(2) + (adam + 5)P§m_1(z)'

Zm

Thus, taking o = 1 and 8 = 1 — da,,, it follows that

Rom(2) = PQZm(Z)’
or equivalently,
Pop, (Z) = ZmRZm(Z) =2z™m [a¢2m(2) + ﬂd’mel(Z)] =

(4.9)
= 2" [pam(2) + (1 = d2m)P2m—-1(2)], m>1.

Similarly forn = 2m + 1, takinga =1 and 5 = 1 — d2,,,41, ONe can write
(410) P2m+1(z) = Zerl [¢2m+1(2) —+ (1 — 62m+1)¢2m (Z)] .

So, from (4.9) and (4.10) the proof follows.
2. It can be proved in a similar way
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5. Numerical Examples. Suppose that the evaluation of integrals of the form

1
f(z)

5.1 d =1,2,3,...
) | @ =123
where f(x) is a continuous function on [—1, 1], w(z) > 0 a weight function on this interval
and A € R suchthat |A| > 1, is required. Two methods are to be proposed:

Method 1

Let a and b be any two positive real numbers, such that

b A[+1
a [N-1
and introduce the change of variable = h(t) = ‘—i' . (%) . Then
1 T T b
f(z) _(b=a\ (A / p(t)
(52) | darewa=(252) (5) [ aw5e

where g(t) = f(h(¢)) and u(t) = w(h(t)). The integral of the right-hand side in formula
(5.2) can be approximated by a Gauss-Laurent quadrature formula.

Method 2

Setz=¢",x = 1(2+27") = cosf and define the symmetric weight function o(¢) on
[_7‘—7 7T] by

(5.3) () = 2"]al W(COSQ)\san\’

|z —al”

where a # 0 is the root of the equation 22 + 2z + 1 = 0 with |a| < 1, that is,
“A+VA2 -1, if A>0,
o =
A=V -1, if A<O.

Then
1 T
(5.4) /_1 (xf_i(_z))\)rw(:c)dx = /_Tr g(e®)o(0) do
with

The integral on the right side in formula (5.4) can be approximated by an n-point Szego
quadrature formula.

For the numerical experiments we will consider two particular weight functions:

Case 1: w(x) = ¢11_7 ‘Tchebyshev weight function of the first kind (z € (-1, 1)). The
weight function 1(t) = w(h(t)) is the strong Tchebyshev weight function of the first kind on
(a,b) given by
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1
wt) = == -

In this particular situation explicit formulas for the weights and nodes are known (see

[26]):

0<a<b<4oo

62

3
Tn+1—m

Tn+l—-m — (6 + Oﬂ/m) + \/(6 + an)2 - ﬂ2a Tm =

where m = 172a7p(n) =F [RTH:I'

QZM7 B = ab, ym_1+605<2mn_1ﬂ'>

and

Ak:2_ﬂ- h )
n x + 0

k=1,2,...,n, n>1.

On the other hand, the weight function o (6) on [—, 7] given by (5.3) is a rational modifica-
tion of the Lebesgue measure, namely

Yol

o(f) =

[z —al”’

Choosing the particular values A = 1.1,1.01, » = 1, 2, the smooth function f(z) = e*
and n = 10 (number of nodes) fixed we will approximate the next four integrals where exact
values were computed with MATHEMATICA:

1 x
e
L = ——dzr = 4.398898203 . ..
! /,1 V1—a?|x+1.1]

X

1
€
L= dr = 10.26398779 ...
’ /_1 V-2 + 1.01]

X

1
13=/ c d
1 V1I—a2?z+1.1)2

r = 15.06117492 . ..

X

r = 414.4873459. ..

1
I = / < d
1 V1 =22z +1.01[2
For the Tchebyshev weight function of the first kind w(z), the nodes and weights of
the Gaussian quadrature formula have explicit expressions. Because of the presence of a
singularity near the interval of integration, we can expect to obtain poor results using this
formula, as is established in the next tables:
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Table 1 Table 2
r=1 Approximation | Exact value r=2 Approximation | Exact value
=1.01 | 9.36117219... | 10.2639877... =1.01 | 247.983129... | 414.487345...
A=1.1 4.39825773... | 4.39889820... A=1.1 15.0292310... | 15.0611749...

In order to improve the slow convergence in this situation we use the two above men-

tioned methods:
Results for Method 1

Choosing a = 1 implies b = 21 when A = 1.1 and b = 201 when A = 1.01.

The nodes and weights obtained are:

Table 3

Table 4

A=1.1

n =10

A=1.01

n =10

Nodes

Weights

Nodes

Weights

1.015968076
1.153792215
1.490163636
2.180737182
3.529658620
5.949583872
9.629771149
14.09241206
18.20085084
20.66994082

0.1140210017
0.1263777081
0.1541804078
0.2025926653
0.2733833654
0.3549351653
0.4257258654
0.4741381229
0.5019408226
0.5142975291

196.7288912
164.9922240
113.4050389
60.84072229
24.34950355
8.254788423
3.303708313
1.772408016
1.218239230
1.021710633

0.5860819973
0.5786005592
0.5584974065
0.5095745959
0.3971049908
0.2312135400
0.1187439348
0.0698211241
0.0497179710
0.0422365330

The approximations of the above four integrals are:

Table 5 Table 6
r=1 Approximation | Exact value r=2 Approximation | Exact value
A =1.01 | 10.26398781.. | 10.26398779.. A=1.01 | 414.487344.. | 414.4873459..
A=1.1 | 4.398898202.. | 4.398898203.. A=1.1 | 15.06117499.. | 15.06117492..
Results for Method 2

Expressions for the trigonometric moments for » = 1, 2 are given by

v
MkZ/
—T

e "5 (0)dh =

8T

k+2
(1-a2)3

amla] g

ar,

1—aZ

if

(k(1 —a?) +1+a?), if

r=1,

r=2.
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By using the split Levinson algorithm computed in FORTRAN with double precision,
the following nodes and weights are obtained:

Table 7

r=1,\=1.1

n =10

Nodes

Weights

0.5231956081 + 0.85221262354
—0.9718655888 £ 0.23553614861
—0.6941445801 £ 0.71983560761

0.9425118124 + 0.3341728347:

—0.1205684668 + 0.992705014¢

0.4170158485
3.8990461817
1.5283999088
0.3334871136
0.6775681574

Table 8

r=1,A=1.01

n =10

Nodes

Weights

0.5077320439 + 0.86151504431
—0.1556028488 £ 0.9878196968¢
0.9406267445 + 0.3394426719:
—0.7396737275 £ 0.672965658:
—0.9871949772 £ 0.1595182654¢

0.4552583228
0.8023120227
0.3550340683
2.4403459272
18.1061357088

Table 9

r=2,A=1.1

n =10

Weights

—0.7826063935 £ 0.6225168535¢
—0.2523182279 £ 0.9676443106¢
0.9315406380 £ 0.36363723657
0.4439464841 + 0.89605330167
—0.9823049310 £ 0.1872886076¢

5.7286222677
0.9628770791
0.1801413420
0.3067180364
28.7314933198
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Table 10
r=2\=101 n =10
Nodes Weights
0.9264937183 £ 0.3763102312 0.2056746266
—0.8669062623 + 0.49847119514¢ 30.7425691490
0.4037996706 + 0.91484743321 0.3833193864
—0.3361546099 4 0.9418068158: 1.6432603190
—0.9954580194 4+ 0.09520153157 1080.4916890184

The approximation of the above four integrals are

Table 11 Table 12
r=1 Approximation | Exact value r=2 Approximation | Exact value
A =1.01 | 10.26398785.. | 10.26398779.. A=1.01 | 414.4873471.. | 414.4873459..
A=1.1 | 4.398898196.. | 4.398898203.. A=1.1 | 15.06117499.. | 15.06117492..

From Tables 5-6 and 11-12 one can see that both methods provide us with similar numerical
results. In both cases results given by Gaussian formulas are strongly improved.

Case 2: w(z) = v/1 — z2 :Tchebyshev weight function of the second kind (z € [—1, 1]).
The weight function p(t) = w(h(t)) is the strong Tchebyshev weight function of the second
kind on [a, b] given by

p(t) = Vb —tvt — a.

Choosing the particular values A = 1.1, 1.01, » = 1, the smooth function f(x) = e* and
again n. = 10 (number of nodes) fixed, we will approximate the next two integrals with exact
values computed with MATHEMATICA:

1
xT 1_ 2
I :/ E VT e = 1.67594127475 . ..

1 |lz+1.1]

1 xT _ 2
I = / VL 203543204817 . .
e+ 101

For the Tchebyshev weight function of the second kind w(z), the nodes and weights of
the Gaussian quadrature formula have also explicit expressions. As in case 1, because of the
presence of a singularity near the interval of integration, we can expect to obtain poor results
using this formula as displayed in the next table:
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Table 13
r=1 Approxiamtion Exact value
A=1.01 2.421155521 ... 2.03543204817 . ..
A=1.1 1.608794159. .. 1.67594127475 . ..

Again, in order to improve the slow convergence in this situation we use the two men-
tioned methods:

Results for Method 1

From the relation

/ favi-a [ 9@
R V=2 + A

with

g(z) = f(2)(1 - 2?),

the mentioned explicit formulas for the nodes and weights in case 1 can be used. The approx-
imation of the above two integrals are

Table 14
r=1 Approximation Exact value
A=1.01 2.035432052. .. 2.03543204817 . ..
A=1.1 1.675941276. .. 1.67594127475 . ..

Results for Method 2
Expressions for the trigonometric moments are given by

27|, if k=0,

Talal, if k=1,

Kk

—7lalab"2(1 —a?), if k>2,

when r = 1, and

A .
- if k=0,

a2

PR —onel Qatk—1—a2(k+3)), if k>1,

when r = 2. By the split Levinson algorithm computed in FORTRAN with double precision,
nodes and weights are given by:
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Table 15
r=1,A=1.1 n =10
Nodes Weights

0.8473567133 + +0.53102410531
—0.9095350917 4 £0.4156271369:
—0.5968012792 4 £0.80238907841

0.4377179772 + £0.8991123247:

—0.0996095352 + £0.9950266029

0.0809799064
0.4250829076
0.6749529041
0.2923674821
0.5427101048

Table 16

r=1,A=1.01

n =10

Nodes

Weights

0.8432691294 + 4-0.53749155841
—0.9380253965 + £0.34656652397
—0.6342873464 + £0.77309738211

0.4228259917 + 10.9062108921
—0.1278951430 + £0.99178769521

0.0884264387
0.8084274344
0.8785194976
0.3244615048
0.6277760750

Finally the approximation of the two integrals are displayed in:

Table 17

Exact value
2.03543204817 ...
1.67594127475 . ..

r=1 Approximation
A=1.01 2.03543204774 . ..
A=1.1 1.67594127382.. ..

Again, numerical results offered by both methods are quite similar.
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